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Abstract— Two matrix equations, Pascal matrix equation and inverse Pascal matrix, are derived and demonstrated in this work. These 
matrix equations are used for making a conversion and inversion between the coefficients of an analog low pass filter transfer function H(s) 
and a digital transfer function H(z). The involving of the Pascal’s triangle in both matrix equations is helpful, easier to transform between 
analog filter and digital filter and therefore, the procedure of design a digital filter form another digital filter is presented in this paper. 

Index Terms— Bilinear z-transform, Pascal’s triangle, low pass to low pass, low pass to high pass, low pass to band pass, low pass to 
band stop, digital to digital filter, Pascal matrix equation, pre-warping frequency. 

——————————      —————————— 

1 INTRODUCTION                                                                     
here are the procedures of  design a digital filter (low pass, 
high pass, band pass and band stop), one of them is starting 
from a given analog low pass filter, transform it to analog 

filter which the same class of the desired digital filter using fre-
quency transformations and then apply the bilinear z-transform 
with pre-warping frequency [2]. This method with the involv-
ing the Pascal’s triangle derived the matrix equations, called 
“Pascal matrix equation” and “Inverse Pascal matrix equation”, 
they are used to find the relationship between the coefficients of 
the transfer functions in s-domain and z-domain. 
 
This paper introduces the procedure of designing a digital filter 
from a given digital filter by using Pascal matrix equation and 
inverse Pascal matrix equation.     

2 THE MATRIX [T] PASCAL’S TRIANGLE WITH INSERTING 
ZEROS 

A great application of the Pascal’s triangle is for finding the 
coefficients and expansion of a binomial expression (U+L)n. 
The table.1 below, illustrates a converting an analog low pass 
filter to a low pass, high pass, band pass and band stop digital 
filter.  . Let insert zeros into Pascal’s triangle to make a matrix 
[T] having a size of (n+1;N+1) as shown in figure.1 below 

 

 
 

 
 
 

Where n is the nth-order of the analog low pass filter and N is 
the Nth-order of the digital filter. 
 
If the cut off frequency of the low pass and the upper cut off 
frequency of the band pass, band stop filter is fU. The cut off 
frequency of the high pass and the lower cut off frequency of 
the band pass, band stop filter is fL. The sampling frequency is 
fs, then 

   
 
 
This matrix [T] is used to derive the Pascal matrix equation in 
the next sections. 
 
3. THE PASCAL MATRIX EQUATION 
 
A digital filter (low pass, high pass, band pass and band stop) 
of the transfer function H(z) can be obtained from the transfer 
function H(s) of an designed analog low pass filter as the block 
diagram in fig.2 shows below 
 
 
 
 
 
 
The table.1 illustrates more details for converting an analog 
low pass filter to a low pass, high pass, band pass and band 
stop digital filter. 
 
 
 
 
 
 
 
 
 
 
 
 
From table.1, the relationship between the coefficients [Ai], 
[Bi] of the transfer function H(s) and [ai], [bi] can be expressed 
as the matrix equation below 
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The matrix [P] contains the positive and negative binomial 
coefficients of the Pascal’s triangle in the first, last row and the 
first, last column corresponding to the edge size and the nth 
row of the Pascal’s triangle and another elements in the matrix 
[P] can be calculated from its left, diagonal and above ele-
ments. It has a size of (N+1, N+1). There are two different ma-
trices respectively for low pass filter PLP and PHBS for PHP 
(high pass), PBP (band pass), PBS (band stop) and they can be 
found as: 
 
 
   
 
 
 
 
 
 
 
 
 
 
 
 
 
The matrix [Δ] in equation (6) has a size of (N+1, 1) and it can 
be found by multiplication between the coefficients matrix of 
the analog low pass filter and the matrix T of the Pascal’s tri-
angle with zeros as shown in the equation (7).  
 
   
 
 
The table 2 below illustrated the matrix [Δ] for low pass, high 
pass, band pass and band stop filter. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
From table.2, for low pass filter, let t=0, then L=0, U=c, the 
matrix [T] becomes a matrix [Tc] has a size of (n+1; n+1) and 
the same for high pass filter, c=0, U=0, L=t, the matrix [T] is 
the matrix [Tt] as shown 
 
 
 
 

 
For low pass to band pass and low pass to band stop, the ma-
trix [T] is used. 
 
The subscripts of the coefficients [A] and [B] in the transfer 
function H(s) low pass filter is writing in ascending order for 
low pass, high pass, band pass and in descending order for 
band stop. 
 
Base on the equation (6) and equation (7), one new formula 
can derived and it is called “The Pascal Matrix Equation” as is 
described in equation (8): 
 
 
 
 
The Pascal matrix equation is a general formula to transform 
the coefficients of an analog filter transfer function H(s) to the 
coefficients of a digital filter transfer function H(z). 
 
The procedure of converting an analog low pass filter to a dig-
ital filter were studied. The next sections will introduce how to 
invert a digital filter to an analog low pass filter using the Pas-
cal matrix equation. 
 
4. THE INVERSE PASCAL MATRIX EQUATION 
 
The inverting a digital low pass, high pass, band pass and 
band stop to an analog filter is a method to transform the coef-
ficients [ai] and [bi] of the transfer function H(z) to the coeffi-
cients [Ai] and [Bi] of the transfer function H(s). This method 
can be done by using the Pascal matrix equation (8), the matrix 
[Ai] and [Bi] can be found as: 
 
   
 
 
The equation (9) is called “the Inverse Pascal Matrix Equation” 
and it can be used to find the coefficients of the analog low 
pass filter from a digital filter. 
 
In this equation, the involving of the inverse matrix [P]-1 and 
[T]-1 will not make easy computing and hand-calculation for 
lager matrix size. To overcome this problem, consider some 
features of the matrix [P] and [T] in the next section. 
 
5. THE FEATURES OF THE MATRIX [P] and [T] 
 
There are some features of the matrix [P] and they can be used 
to find the inverse matrix [P]-1. For the matrix low pass [PLP], if 
multiply the matrix by itself will give a diagonal matrix with 
all the numbers in the diagonal are equal to 2n [3], and from 
this the inverse matrix [PLP] can be found as: 
 
   
 
 
The inverse of the matrix [PHBS] can be found similar way and 

( ) ( ) ( )
( ) ( ) ( )

1 1 ;1; 1 1 1; 1 1 1 1; 1 11; 1 1; 1 1; 1

1 1 ;1; 1 1 1; 1 1 1 1; 1 11; 1 1; 1 1; 1

(A,U,L)
(7)

(B,U,L)

j j i ji j N i j n i n j NN n n N

j j i ji j N i j n i n j NN n n N

A T

B T

− −= = → = = = → + = → + = → ++ + + +

− −= = → = = = → + = → + = → ++ + + +

     ∆ =          
     ∆ =          

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1 ;1 1; 1 1 1; 1 1 1; 1 1 1 1; 1 11;1 1; 1 1; 1 1; 1 1;1

1 ;1 1; 1 1 1; 1 1 1; 1 1 1 1;1;1 1; 1 1; 1

i i ji N j i N j N i j N i n j NN N N n n N N

i i ji N j i N j N i j N i n jN N N n

a P A T

b P B T

− = → + = = → + = → + = = → + = → + = → ++ + + + + + +

− = → + = = → + = → + = = → + = → ++ + + +

       =          
     =      1 1 1; 1 1;1

(8)

N n N N
= → + + + +



       

[ ] [ ] [ ]( ) [ ]
[ ] [ ] [ ]( ) [ ]

1 1

1; 1 1; 1 1;1 1; 11; 1
1 1

1; 1 1; 1 1;1 1; 11; 1

(9)n N N N n nn

n N N N n nn

A P a T

B P b T

− −

+ + + + + ++
− −

+ + + + + ++

 =


=

( ) ( ) [ ]

( ) ( )
1 1; 1 1 1 1; 1 11; 1 1; 1

1

1 1; 1 1 1 1; 1 11; 1

2
1 (10)
2

n
LP LPi n j n i n j nn n n n

LP LPni n j n i n j nn n

P P I

P P

= → + = → + = → + = → ++ + + +
−

= → + = → + = → + = → ++ +

    =   
   ∴ =   

IJSER

http://www.ijser.org/


International Journal of Scientific & Engineering Research, Volume 5, Issue 1, January-2014                                                             204 
ISSN 2229-5518 
 

IJSER © 2014 
http://www.ijser.org  

can be written as 
 
 
   
 
The matrix [Tc] and [Tt] are the diagonal matrix, so the inverse 
of them can be obtained by replacements each element in di-
agonal with its reciprocal as illustrated below 
 
   
 
Let a matrix [Th] has a size of (n+1; n+1) and it can be written 
like a left-half of the Pascal’s triangle with zeros [T] figure.1 as 
shown below: 
 
 
 
 
 
The inverting of the matrix [Th] is an upper-left triangular ma-
trix [Th-inv] of the size (n+1; n+1) and it can be found as follow-
ing steps: 

- If the main anti-diagonal is the first, then all the odd anti-
diagonal above it are 3rd, 5th, 7th… and corresponding to 
m=1,2,3,4,… 
     - Each element in the mth anti-diagonal can be expressed in 
the formula as: 
 
   

-The coefficients K can be calculated as below: 
       .  All the K in main anti-diagonal are equal to 1. 
       .  From m= 2, 3, 4, 5… all the K in the first column are 

replaced with -2, +2,-2, +2… accordingly. 
       .  All another K in all anti-diagonals can be found by 
             

   
      -All another elements in the matrix [Th-inv] equal to zero. 
 
The matrix [Th-inv] can be used to inverse form a digital band 
pass and band stop to an analog low pass filter. 
 
From the equation (9), (10), (11), (12) and the matrix [Th-inv], 
the inverse Pascal matrix equation for low to low pass, high 
pass to low pass, band pass to low pass and band stop can be 
expressed as 
 
. Inverse a digital low pass filter to an analog low pass filter 
 
   
 
. Inverse a digital high pass filter to an analog low pass filter 
 
 
 
. Inverse a digital band pass filter to an analog low pass filter 
 
 
 

. Inverse a digital band stop filter to an analog low pass filter 
 
 
 
 
 
The methods covert and invert between the coefficients of an 
analog low pass filter and a digital filter were studied. The 
Pascal matrix equation and inverse matrix equation are de-
rived and they are easy to use for hand-calculation and com-
puting. One application of them is transformation a digital to 
another digital filter. 
 
6. TRANSFORM A DIGITAL FILTER TO ANOTHER DIG-
ITAL FILTER 
 
This section introduces a new method to design a digital from 
another filter. Given a digital filter, invert it to an analog low 
pass filter using inverse Pascal matrix equation and from ana-
log low pass filter converts it to a desired digital filter using 
Pascal matrix equation. A block diagram in figure.3 illustrates 
the transformation from a digital to another digital filter. 
 
 
 
 
 
Given the coefficients [ag] and [bg] of a digital filter, invert 
them to the coefficients [Ag] and [Bg] of an analog low pass 
filter. The equation (9) is rewritten as 
 
 
 
Then convert [Ag] and [Bg] to the coefficients [ad] and [bd] of a 
desired digital filter. The equation (8) is rewritten as 
 
 
 
From equation (19) and (20), a new equation, called transform-
ing Pascal matrix equation, is found, this equation is used for 
transform a digital to another digital filter. 
 
   
 
Example 1: Convert a digital 4th-order Chevbyshev type 2 low 
pass filter HLP(z) at cut off frequency at 400Hz, 20dB stop 
band ripple to a digital high pass filter at sampling frequency 
2 kHz. 
 
   
 
From equation (21), the conversion of the digital low pass fil-
ter to a digital high pass is expressed as 
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Example 2: Convert a digital 4th-order Chevbyshev type 2 
band pass filter HBp(z) at lower cut off frequency at 1Hz, up-
per cut off frequency 4kHz and 20dB stop band ripple to a 
digital band stop filter at sampling frequency 10kHz. 
 
   
 

From equation (21), the conversion of the digital band pass 
filter to a digital band stop is expressed as 
 
 
 
 
 
 
 
 
 
   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
7. CONCLUSION 
 
The new method were studied for converse and inverse be-
tween an analog low pass filter with the transfer function H(s) 
and a digital filter (low pass, high pass, band pass and band 
stop) with the transfer function H(z) and from that this meth-
od can be applied to transform a given digital filter into an-
other digital filter. The involving of the Pascal’s triangle uses 
in the Pascal matrix equation and inverse Pascal matrix equa-
tion, as presented and demonstrated in the examples, made 
the work easier for hand-calculation and computing when 
transforming between s-domain and z-domain. The features of 
the matrix [P] and [T] are so helpful to find the inverse matrix 
which are not easy to do with the larger matrix size. The algo-
rithm of this method converse and inverse is so simple due to 
all operations imply the matrix multiplication and so it is more 
effective to program and calculation. 
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