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Abstract— Two matrix equations, Pascal matrix equation and inverse Pascal matrix, are derived and demonstrated in this work. These
matrix equations are used for making a conversion and inversion between the coefficients of an analog low pass filter transfer function H(s)
and a digital transfer function H(z). The involving of the Pascal’s triangle in both matrix equations is helpful, easier to transform between
analog filter and digital filter and therefore, the procedure of design a digital filter form another digital filter is presented in this paper.

Index Terms— Bilinear z-transform, Pascal’s triangle, low pass to low pass, low pass to high pass, low pass to band pass, low pass to
band stop, digital to digital filter, Pascal matrix equation, pre-warping frequency.

1 INTRODUCTION

here are the procedures of design a digital filter (low pass,

high pass, band pass and band stop), one of them is starting

from a given analog low pass filter, transform it to analog
filter which the same class of the desired digital filter using fre-
quency transformations and then apply the bilinear z-transform
with pre-warping frequency [2]. This method with the involv-
ing the Pascal’s triangle derived the matrix equations, called
“Pascal matrix equation” and “Inverse Pascal matrix equation”,
they are used to find the relationship between the coefficients of
the transfer functions in s-domain and z-domain.

This paper introduces the procedure of designing a digital filter
from a given digital filter by using Pascal matrix equation and
inverse Pascal matrix equation.

2 THE MATRIX [T] PASCAL’S TRIANGLE WITH INSERTING
ZEROS

A great application of the Pascal’s triangle is for finding the
coefficients and expansion of a binomial expression (U+L)n.
The table.1 below, illustrates a converting an analog low pass
filter to a low pass, high pass, band pass and band stop digital
filter. . Let insert zeros into Pascal’s triangle to make a matrix
[T] having a size of (n+1;N+1) as shown in figure.1 below
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figure.1 The matrix [T] Pascal’s triangle with zeros

Where n is the nt-order of the analog low pass filter and N is
the Nt-order of the digital filter.

If the cut off frequency of the low pass and the upper cut off
frequency of the band pass, band stop filter is fu. The cut off
frequency of the high pass and the lower cut off frequency of
the band pass, band stop filter is f.. The sampling frequency is
fs, then

c= cot(nf—“) U=
fs = 1-ct (1)
t= tan(ﬂTL)

s

This matrix [T] is used to derive the Pascal matrix equation in
the next sections.

3. THE PASCAL MATRIX EQUATION

A digital filter (low pass, high pass, band pass and band stop)
of the transfer function H(z) can be obtained from the transfer
function H(s) of an designed analog low pass filter as the block
diagram in fig.2 shows below

A designed analog
low pass filter

Bilinear z-
transform with
pre-warping

Digital filter
Frequency

transformation

fig.2 Design a digital from a designed analog low pass filter

The table.1 illustrates more details for converting an analog
low pass filter to a low pass, high pass, band pass and band
stop digital filter.

Table.l Transform an analog low pass filter to a digital filter using
bilin ear z-transform with pre-warping.
% domain  Frequency r-domain
tran sform ations
LPwLP  H{s) 5 1—31
H(—) H = 2
@ (r1+;_|) (2
LPto HF  F(s a )
@ HEH "He: ) @
LPicBP  Ff(s F _ __|
(s) oS + an ay, H(U] z IL“——A.I) “
(o, —ey ) 1+ 1—3
LPteBS  H(s) — m:)s) — 1 Y ™
i am. — == = )
’ - U= 4+ >
rz

From table.1, the relationship between the coefficients [Aj],
[Bi] of the transfer function H(s) and [ai], [bi] can be expressed
as the matrix equation below

al=[P][A(AU,L)
{[bHP]L(B,U,L) ©
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The matrix [P] contains the positive and negative binomial
coefficients of the Pascal’s triangle in the first, last row and the
first, last column corresponding to the edge size and the nth
row of the Pascal’s triangle and another elements in the matrix
[P] can be calculated from its left, diagonal and above ele-
ments. It has a size of (N+1, N+1). There are two different ma-
trices respectively for low pass filter Pip and Puss for Pup
(high pass), Psp (band pass), Pss (band stop) and they can be
found as:

Ip—>1Ip: P,
(Prp )L.J;j—l—vﬁl =1
(P )t =(1)
(Bp )1,_.1—)_1+1;_;—1 =(ifl_)
()4 =1 ()

(P )1;, =(Fr )1;;_1 —(P )l_l M —(P )H ’f_L
L Ainl
Fas BN
r = i

(Pazs ) 4 e =1

[( Py .Ll sl el :Lﬂ:_m =

Lp — Hp.Bp.Bs: P,

HP?

P,

EP

i1
(Pezs )i JAsa T H )Jr
af N
(_PHBS‘ )L.H.\'ﬂ:;-d = (-_1) [ifl)
FAT Y
(PHES )b.la.\url N 571)

(.Pym )l T (_PHBS‘ )L;JH +(_PHBS‘ )H;.H +(_Pyxs )H;;i
L vt v

[( Fyps );_H.\'u: JASNH :I v

The matrix [A] in equation (6) has a size of (N+1, 1) and it can
be found by multiplication between the coefficients matrix of
the analog low pass filter and the matrix T of the Pascal’s tri-
angle with zeros as shown in the equation (7).

|:(Al-1 (A’ u, L))\=1;j=1—>N=1j|1.N+1 = |:( AJ‘1)w=1:i=1-m+1j|1;n+1 |:(T'31 )\=1—>n+1;]=1—>N+1:|

[(AH(B'U'L)) _ MINA (7)

I=1,J=1—)N=1]1‘N+1 - 1_1)\=1;|=1—>n+1 Ll "J)|=1—)n+1,|=1—>N+1

LN+

The table 2 below illustrated the matrix [A] for low pass, high
pass, band pass and band stop filter.

Table .2 The matrix [A] for Low pass, High pass, Band pass and Bans stop filts
n [A] The matrix [T]

tpHp | B

Bp
0 A A, O 0 0 0 0 1 0 0 0 0 0
1| A w |0 0 0 0 U 0 L 0 0 0 0
2 A (A (O 0 0 (V|0 2UL 0 L’ 0 |0 0
3 A; (A |O 0 UV [0 (3L |0 33U |0 L |0 0
A, |0 o O = |® 0 0 |.. 0
n|An [A |U" |0 .. |0 |.. 0 0 w |0 L

AM=n | o Az |Ay | Ay Ao Lptolp N=n t=0 U=c
LptoHp N=n c=0 L=t Ao A1 Az Az A=

LptoBp, Bs N=2n | Ao | A1 A | | Ama | AMen Ama | Ame2 Aana | Aon

From table.2, for low pass filter, let t=0, then L=0, U=c, the
matrix [T] becomes a matrix [T.] has a size of (n+1; n+1) and
the same for high pass filter, c=0, U=0, L=t, the matrix [T] is
the matrix [T¢] as shown

1 0 0 0 0] 1000 0]
0 ¢ 0 0 0 00+ 0 0 0
[I;]’I-d 14—1: 0 0 & _0 0 [1;]’1+1"l+1= 0 '] fl 0 0
o 0 0 -0 000 - 0]
0 0 0 0 cn_l'ﬁl: n+l 0 00 0 fﬂJ
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For low pass to band pass and low pass to band stop, the ma-
trix [T] is used.

The subscripts of the coefficients [A] and [B] in the transfer
function H(s) low pass filter is writing in ascending order for
low pass, high pass, band pass and in descending order for
band stop.

Base on the equation (6) and equation (7), one new formula
can derived and it is called “The Pascal Matrix Equation” as is
described in equation (8):

[(31*1)\=1—)N+1‘ |=1:| N4Li1 = |:( P)\=1—>N+1‘ j=1—>N+1]N+1‘ N4l ([( A)w=1: |=1—)N+1]1;n+1 |:(T‘IJ )|=1—m+1‘ j=1—>N+1] M:NHJ ot
[(bl—l)izl—wﬂ: 1:1] N4t = I:( P )\:1—;N+1‘ j:14N+1:|N+1:N+1 ([( B)l:l‘ j:1-m+1:| Ll [(TI: i ).:1-m+1; ]:1—>N+1:| n+1;N+1J

The Pascal matrix equation is a general formula to transform
the coefficients of an analog filter transfer function H(s) to the
coefficients of a digital filter transfer function H(z).

®)

N+;1

The procedure of converting an analog low pass filter to a dig-
ital filter were studied. The next sections will introduce how to
invert a digital filter to an analog low pass filter using the Pas-
cal matrix equation.

4. THE INVERSE PASCAL MATRIX EQUATION

The inverting a digital low pass, high pass, band pass and
band stop to an analog filter is a method to transform the coef-
ficients [ai] and [bi] of the transfer function H(z) to the coeffi-
cients [Ai] and [Bi] of the transfer function H(s). This method
can be done by using the Pascal matrix equation (8), the matrix
[Ai] and [Bi] can be found as:

[A] 1in+l = ([P]r\:il,N-H [a]N+1,l)
[B] 1;n+l = ([P]’\Til,N+l [b]N+1;1)

L .
[T ] ;il:ni»l

1L+l

(9

1+

The equation (9) is called “the Inverse Pascal Matrix Equation”
and it can be used to find the coefficients of the analog low
pass filter from a digital filter.

In this equation, the involving of the inverse matrix [P]"! and
[T]* will not make easy computing and hand-calculation for
lager matrix size. To overcome this problem, consider some
features of the matrix [P] and [T] in the next section.

5. THE FEATURES OF THE MATRIX [P] and [T]

There are some features of the matrix [P] and they can be used
to find the inverse matrix [P]?. For the matrix low pass [Prp], if
multiply the matrix by itself will give a diagonal matrix with
all the numbers in the diagonal are equal to 2" [3], and from
this the inverse matrix [Prp] can be found as:

[( P )i=1—>n+1; j=1—>n+1:|n+1;n+1 |:( PLe )i=1—>n+1; j=1—m+1:| =2 [ ! ]

-1 1
[( PLP )i=1—>n+1, j=1_>n+1:|n+1m+1 = ?[( PLP )i=1—>n+1. j=1—>n+1:| (10)

n+1;n+1

The inverse of the matrix [Puss] can be found similar way and
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can be written as

Pp—>N=n
-1 1 Pep , Pes>N=2n

|:( Pres )i=1_’N+1; i=l_’N+1}N+1JN+1 - ?[((_1)”] PHBSH )i=1—>N+l:j=1—>N+1:|N+1¢N+1 @)

The matrix [Tc] and [T:] are the diagonal matrix, so the inverse
of them can be obtained by replacements each element in di-
agonal with its reciprocal as illustrated below

[Tc.w]=[n];;;m={({] } [T‘.W][T‘];:W{[T{] } w)

Let a matrix [Tr] has a size of (n+1; n+1) and it can vbe written
like a left-half of the Pascal’s triangle with zeros [T] figure.l as
shown below:

n+1;n+1

0 0 0 0 0 1
0 0 0 0 U 0
[T ] _ 0 0 0 U 0 2UL
adnsina 0 0 2 0 AL 0
0 - 0 0
o 0 0 0

el

The inverting of the matrix [T1] is an upper-left triangular ma-
trix [Thinv] of the size (n+1; n+1) and it can be found as follow-
ing steps:

- If the main anti-diagonal is the first, then all the odd anti-
diagonal above it are 3rd, 5th, 7th... and corresponding to
m=1,234,...

- Each element in the mth anti-diagonal can be expressed in
the formula as:

L

m-1
_ = —j+l
(Th—inv )(n+1—2(m—1)—j+l);1) - K(n+1—Z(M—1)—i+1): i) (U j u (13)

-The coefficients K can be calculated as below:
. All the K in main anti-diagonal are equal to 1.
. From m= 2, 3, 4, 5... all the K in the first column are
replaced with -2, +2,-2, +2... accordingly.
. All another K in all anti-diagonals can be found by

K =K -K (14)

(n41=2(m-1)-j+1; j) (n41=2(m=1)-j+2; ) (n+1=2(m-1)-j+3;})

-All another elements in the matrix [Th.inv] equal to zero.

The matrix [Thinv] can be used to inverse form a digital band
pass and band stop to an analog low pass filter.

From the equation (9), (10), (11), (12) and the matrix [Th.inv],
the inverse Pascal matrix equation for low to low pass, high
pass to low pass, band pass to low pass and band stop can be
expressed as

. Inverse a digital low pass filter to an analog low pass filter

1

[A]1;n+1 =50 [PLP]n+1;n+1[a]n+1;1)
3

[B]1,n+1 =5n [PLF’]n+1;n+1[b]n+1;1)1.n_'_1
2 :

. Inverse a digital high pass filter to an analog low pass filter

1 i+]j
[A]l:n+l = ?([(—1) ! PHBS_,] [a]n+1;1)1;n+1 (16)

1 i+j
[B]l;n+1 = ?([(_1) ! PHBS it :| Nl el [b]"+1'1)1'n+1 [TlfiHV]n+1;n+1
. Inverse a digital band pass filter to an analog low pass filter

1 i
[A]l;n+1 = 2T([(_1) ! PHBS- i ]N+1:N+l [a]N+1:1)1:n+1 [Th—i"V]n+1:n+1

1 "
[B]l;n+1 = ZT([(_l) * PHBS i dNa N [b]N+1:1)1;n+1 [Thfln\/]n+1:n+1

Teoine]
1:n+1[ e=inv Ins1ine

(15)

[TC*inV ]n+1: n+1

nalined [ &—mV]n+1;n+1

@a7)
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. Inverse a digital band stop filter to an analog low pass filter

1 i
(AT = 55 ([ Pre, L [8hs) [T

[Bﬂ+1—i ]1;n+1 = LN([(_"L)H-j PHBS i) ] N+1;N+1 [b]N+1;1) ) [Th—inV]n+1;n+1
The methods covert and invert between the coefficients of an
analog low pass filter and a digital filter were studied. The
Pascal matrix equation and inverse matrix equation are de-
rived and they are easy to use for hand-calculation and com-
puting. One application of them is transformation a digital to
another digital filter.

(8)

6. TRANSFORM A DIGITAL HLTER TO ANOTHER DIG-
ITAL FILTER

This section introduces a new method to design a digital from
another filter. Given a digital filter, invert it to an analog low
pass filter using inverse Pascal matrix equation and from ana-
log low pass filter converts it to a desired digital filter using
Pascal matrix equation. A block diagram in figure.3 illustrates
the transformation from a digital to another digital filter.

fig.3 Transformation a digital filter to another digital filter

Given the coefficients [ag] and [bg] of a digital filter, invert
them to the coefficients [Ag] and [Bg] of an analog low pass
filter. The equation (9) is rewritten as

[Ag:|1;n+1 B ([Pg]N_il.N+l [ag]N+1;1) [ng:,l,m

(] Lina1 ([ Py :|N_i1,N+1 (b, ]N+1;1) [T, ]:11;n+1
Then convert [Ag] and [B;] to the coefficients [aq] and [bq] of a
desired digital filter. The equation (8) is rewritten as

[ad ] N4 [Pd ]N+1;N+1 (['A\J]LM [Td]n+1:N+1)

[bd ] N+1;1 = [Pd ]N+1‘N+1 (l: Bg]mﬂ [Td ] n+1:N+1) Nats
From equation (19) and (20), a new equation, called transform-
ing Pascal matrix equation, is found, this equation is used for
transform a digital to another digital filter.

[ =[P b (P, [2. ] LT i )

OV £ RN (1 3 0 R P . O
Example 1: Convert a digital 4t-order Chevbyshev type 2 low
pass filter Hip(z) at cut off frequency at 400Hz, 20dB stop
band ripple to a digital high pass filter at sampling frequency
2 kHz.

1in+1

(19)

1in+l

N+1;1 (20)

nL(21)

11

2.6744+ 1.764527" + 3.922277° + 1.76452° + 2.6744z™"
17.6412 -18.2293z7* + 16.3414;27°-4.08162°+ 11282z

Hi(2)=

From equation (21), the conversion of the digital low pass fil-
ter to a digital high pass is expressed as

[ad ]5;1 = 27];[ PHBS ]5;5 ((([ F,LP ]5;5 [ag ]5;1 )1:5 [chinv ]5:5 )1:5 [T! ]5;5)5;1
[bd ]5,1 = 27];\[ PHBS ]5,5 ((([ PLF' ]5,5 [bg ]5,1)15 [TC—"'W ]5,5)1,5 [T1 ]5,5)5;

1

n=4;c= cot(n&) =13764; t= tan(nﬁ) =0.7265
2000

a, | = [2.6744; 1.7645; 3.9222; 1.7645; 2.6744]
b, | =[17.6412; -18.2293; 16.3414; -4.0816; 1.1282)
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L1 11 17267a]) [ize
4 2 0 2 -4|17645
([Pela])=||6 0 -2 0 639222 24 2484
4 -2 0 2 -4|17645
1303 1)z6m)) [Sra
11 1 1 17 176412]) [128
4 2 0 2 -4f-182203|| |37.7566
(P16, ])=[[6 0 -2 0 6] 163414 |=|79.9336
4 -2 0 2 -4f -40816 || |943474
11 1 1 1f 11282 |) |57.4217
10 0
0070 0 0
([o]a.]) [r.]=lt28 0 262084 0 S0 000 0
00 0 0 02

=[1280 1280 14]

007850 0 0
([PuTb,]) ..o ]=[128 377565 70523 sa3wma sr42a7)l0 0 052790 0

0 00
00 0 0 0z
=[128 274318 Q1941 H1637 16]
1o 000
D0 00
(([PLP][a ])JW]) [T, =[128 0 1280 16] oez0 0
00 0 0 ame

=[128 0 6.7566 0 0.4458]

10 0 0 0

0072650 0 0
(([PLP][bg]) [L_W]) [T, =[128 37.7566 79.9336 943474 57.4217] 0 g 85279 8.35358

00 0 0 hams

=[12.8 19.9304 222727 13.8770 4.4582]

1 1 1 1 17128 1.2501
1|4 -2 0 2 4fo0 -3.0885
[a],,==| 6 0 -2 0 6/6.7566|=| 4.1226
T 24 2 0 -2 410 -3.0885
1 -1 1 -1 104458 1.2501
1 1 1 1 17128 45836
1]-4 -2 0 2 4199304 | |-28421
[b)su=2| 6 0 -2 0 6| 222727 |=[ 36877
* 2.4 2 0 -2 4||138770 [-1.3287
1 -1 1 -1 1}|[44582 0.3577
H,p (2) = 1.2501 -3.0885z "+ 4.122627* -3.0885z°+ 1.2501z™*
e 4.5836 -2.8421z7+ 3.6877z -1.3287z°+ 0.3577z*
Given Digital lowpass Filter
5 15
2
5
P | p—— s g
jd
2
R e S s s e
C
53
=, —
0 200 400 600 800 1000
Frequeny in Hz
Desierd Digital highpass Filter
. 15 : : T .
2
5
R T TS S,
jd
2 i
205t
£ :
53 :
Y e W
0 200 400 600 800 1000

Frequeny in Hz

Example 2: Convert a digital 4th-order Chevbyshev type 2
band pass filter Hpp(z) at lower cut off frequency at 1Hz, up-
per cut off frequency 4kHz and 20dB stop band ripple to a
digital band stop filter at sampling frequency 10kHz.

0.2528 -0.2944772+0.252872™*
1.1638 +0.655727%+0.2919z™

HBP (Z) =

205

From equation (21), the conversion of the digital band pass
filter to a digital band stop is expressed as

[2 L. = i [Poos Lo (0" Pes ], [3, T, Duo [T T [T 1),
[8,1.. = 5P Lua (0™ o T, [0,], Do [T Ldio [T,

1000 4000
n=4;c = cot(z O) 0.3249
a, =[0.2528 0 02944 0 02528]
b, |=[1.1638 0 0.6557 0 0.2019]

111 1 1|1 1 1 -1 1)02528 0.2056
o420 2 4420 2400 20 75m0 010 0 0
[an]51 /6 0 -2 0 6ff]{6 0 -2 0 6]-02044]| | 0 275280 0 03330 036330 =|00111
204 2 0 2 4f|||4 2 0 2 40 10 0 013200 026390 01320 0

SRS | FOE U AU k] 02056
5,1
111 1 1fffjT 1 1 -1 1] 11638 15415
o420 2 44 2 02 4f0 20 asmpo 0 1 0 0 0
[bd]“=7ﬁ 02 0 6Jjf|{6 0 -2 0 6]f 06557 0 27528 0 0 036330 036330 =|-1.7888
204 2 0 2 4[4 2 02 4]0 10 0 013200 026390 01320 0
111 1|t 1 1 1 1]{0209 N 0.6696
Given Digital bandpass Filter
2 1
CgL 0.8
3 06
@
5 04
202
= 9 i i
0 1000 2000 3000 4000 5000

Frequeny in Hz
Desierd Digital bandstop Filter

Magnitube response
o O o ©

c N B O ®

Frequeny in Hz

7. CONCLUSION

The new method were studied for converse and inverse be-
tween an analog low pass filter with the transfer function H(s)
and a digital filter (low pass, high pass, band pass and band
stop) with the transfer function H(z) and from that this meth-
od can be applied to transform a given digital filter into an-
other digital filter. The involving of the Pascal’s triangle uses
in the Pascal matrix equation and inverse Pascal matrix equa-
tion, as presented and demonstrated in the examples, made
the work easier for hand-calculation and computing when
transforming between s-domain and z-domain. The features of
the matrix [P] and [T] are so helpful to find the inverse matrix
which are not easy to do with the larger matrix size. The algo-
rithm of this method converse and inverse is so simple due to
all operations imply the matrix multiplication and so it is more
effective to program and calculation.
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