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KEY PROPERTIES OF HESITANT FUZZY SOFT
TOPOLOGICAL SPACES
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Abstract— In this paper, we define hesitant fuzzy soft (‘HF soft’ in short) topological spaces and its fundamental properties such as HF soft
interior, HF soft closure, HF soft exterior, HF soft boundary of a HF soft set. Moreover, we investigate some roperties on HF soft compact
space, especially finite intersection property on HF soft topological spaces.
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1 INTRODUCTION

mbiguity imperfection and uncertainty and are main

factors in the real life. The significance and uses of ambi-
guity is identified by researchers for the last 5 decades. It is
pointed out as a complicated one to be dealt within some spec-
ifications. To excel in dealing uncertainty, different theories
such as vague, fuzzy and rough theories are initiated and de-
veloped drastically. In 1965, a new mathematical tool to cope
up with uncertainty, [2] Zadeh has introduced fuzzy sets and
this is used in various fields. In that process, [16] Molodtsov’s
has given one more useful approach, i.e. Soft set theory in the
year 1999. It is an advanced frame work to handle ambiguity.
Parameterization is the main concept in it. Without any specif-
ic condition on parameters, the soft theory has established
recently in presenting uncertain concepts in a systematic man-
ner. Torra [8] has generalized the fuzzy sets and proposed hes-
itant fuzzy sets which permit the membership degree to avail
a set of possible values and the membership is contained in
the closed interval [0, 1]. This new concept has grabbed the
attention of number of authors. In 2013 K. V. Babithaa and
Sunil Jacob John [6] have combined the hesitant fuzzy sets and
soft sets. i.e. They have initiated the notion of hesitant fuzzy
soft sets. A vigorous study on topological structures on soft
sets is continued by number of researchers. S. Atmaca and L.
Zorlutuna have explored the topological structures of fuzzy
parameterized soft sets and mappings on fuzzy parameterized
soft sets. They have given the notion of quasi-coincidence for
fuzzy parameterized soft sets and have examined some basic
concepts in fuzzy parameterized soft topological spaces. In
2014, [17] S. Broumi, F. Smarandach have worked on new op-
erations over interval valued intuitionistic hesitant fuzzy sets.
Hesitant fuzzy topological space and some related properties
are introduced by Serkan Karata [13]. Later [9] Verma and
Sharma have given the fundamental operations on hesitant
fuzzy sets. Few more operations are established by the author
J. Wang et al. on Hesitant fuzzy soft sets. Their purpose is to
use the hesitant fuzzy soft sets in multi criteria group decision

making problem.

In this paper, we present hesitant fuzzy soft sets (Shortly HF
Soft) and HF soft topological spaces and prove related proper-
ties. We also define HF Soft point, HF Soft neighborhood sys-
tem and verify corresponding results. Later we define HF Soft
interior point, HF Soft closure, HF Soft boundary point, HF
Soft exterior points and examine few of their properties. We
also define HF Soft compactness, for this we introduce HF Soft
open cover and HF Soft finite sub cover. Next we prove some
theorems related to them.

Let us suppose that X is any universal set and E is a set of pa-
rameters corresponding to the elements of X throughout the

paper.

2 PRELIMINARIES
Definition 2.1. [16] A soft set is defined as a pair (s, A), de-
noted by sX*over X, where s: A — p(X), A c E, o(X) is the set

of all subsets of X. The class of all soft sets defined on X with
respect to the parameters in A is denoted by s¥A.

Definition 2.2 If sX4 and qX® over a common universe X are
soft sets then sX* OR gXP denoted by sX* v qX? is defined as
sXA v gXB = (f, A x B) where f(a, b) = s(a) U q(b).

Definition 2.3. [16] A fuzzy soft set is defined as a pair (fs,
A) denoted by fsX2 over X, where fs: A — o(X), A € E, o(X)
is a set of all fuzzy sets in X. The class of all fuzzy soft sets

over X with respect to the parameters in A is denoted by
f(3).

Definition 2.4. [8] A hesitant fuzzy set is defined as a func-
tion hf that when applied on X returns a subset of [0, 1].
i.e.if: X = [0, 1]. A hesitant fuzzy set over X is denoted by hfx

and the class of all hesitant fuzzy sets defined over X is denot-
ed by HFXE.
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Definition 2.5. [8] The lower and upper bound of a hesitant
fuzzy set if¥ over X are defined as below.

Lower bound of hfXis defined and denoted by hm_fx‘(x) =
{hf (x): for all x € X}.

Upper bound of ifX is defined and denoted by =f*+(x) =
{hF (x): for all x € X].
Example 2.6. Let X =

Such that
hmﬂl ={(h1,[0.2, 0.45]), (h2, [0.6, 0.8]), (h3,[0.1, 0.7])},

ke = {(h1,[0.05,0.5]), (h2, [0.7, 0.9]), ( h3,[0.2, 0.7])},

Then, we have that hﬁfyl “(x) = min {hﬁf (x): for all h € X}={0.1},
hﬁfyl *(x) = max {hﬁf (x): for all x £ X}.={0.8},

hﬁfxz‘(x) = min {hﬁf (x): for all k € X}={0.05},

FTfXZ*(x) = max {hf (x): for all x £ X}={0.9}.

Definition 2.7. [8] The complement of any hesitant fuzzy
set hmfx(x) is defined as

hfe(x) = Usepdl — v}
Example 2.8. hf (x) = Ugrdl —

min
max

{h1, h2, h3} and hfx, hfe e hf(X).

v} = {(h1,[0.8, 0.55]) ,

(h2,[0.4,0.2]), (h3,[0.9, 0.3])}, Complement of hTle.
Definition 2.9. [8] Let hfx, hfe & hf(¥). Then hfX is said
to be a subset of hfx if hfxi(x) € hpe(x) for all x €X and is
denoted by hfx & hfe,

Definition 2.10. [8] Two hesitant fuzzy sets hf¥, hfx are
said to be equal if ifX! = hf2if and only if AfX! & kfeand hfe
& i

IFEHxamEHIe 2.11 1t can be seen from example 2.6 clearly that
Rpa E Rpe.

Defipjtion 2 ,le' [8] The intersection of two hesitant fuzzy
sets AfXl and hf< is a hesitant fuzzy set Af¥t ii hfX2 such that

(P A Po)x) = (h e (CEEITEE /- o min( R, BPe).
EefinitiOFI’H’l 2.13. [8] The union of two hesitant fuzzy sets
hfxt and hfX is a hesitant fuzzy set AfXt  hf*2 such that (hfXt
U hfe)(x) = {h €(rfx(x) T hfe(x)) / h 2 max(hfa, hfe))
Example 2.14 Let X = {h1, h2, h3} and hfx, hfe e hf(F)

such that
FTle ={(h1,[0.4, 0.5]), (h2, [0.6,0.9]), ( h3,[0.3, 0.85])},

FTPQ ={(h1,[0.5,0.2]), (h2, [0.8, 0.7]), ( h3,[0.1, 0.2])},
Then, we have that hTle “(x) = min {hﬁf (x): for all x = X}={0.3},
hfx1(x) = ={0.9},

th &(

max {if (x): for all x € X}.

hf-(x) =min {kf (x): for all x € X}={0.1},

thX“(x) = max {hf (x): for all x £ X}={0.8}.

max(hfx-, hfxe) = {0.3} and h > max(fxt, hfx2) = h > 0.3 also
(hfx(x) T hfe(x)) = {(h1,[0.2, 0.4, 0. 5]), (h2, [0.6, 0.7, 0.8, 0.9]),
( h3,H[£).1, 0.2;0.3, 0.85])} . . .

> (hfv U 7iP9)) = (h € (APa() T BPe(a) / h > max(Rfr,
k)= {(h1,[04, 0. 5]) , ( h2, [0.6, 0.7, 0.8, 0.9]) , ( h3,[0.3,

0.85])}.
Definition 2.15. [6] We define the hesitant fuzzy null set as
a HF set such that FFJ-?(X) = {0} for all x €X. It is denoted by hf®.

Definition 2.16. [6] We define the hesitant fuzzy full set as
a HF set such that iif(x) = {1} for all x €X. It is denoted by

RfE.

Definition 2.17. [6] A pair (hfs, A) is called a hesitant
fuzzy soft set (HF soft set in short cut) if hfsisa mapping such
that hfs: A — hﬁf(f) ie. h?'s(e) € hﬁf(i'), for all e € A where A ©
E. The set of all hesitant fuzzy soft sets is denoted by HFSYE.

Example 2.18. Let X be set of team members played in a
game. X ={hl, h2, h3, h4}. Let A = {cooperation, energetic,
communication, commitment}, a set of parameters. And hfs: B

— Bf(X). Then hesitant fuzzy soft set AfsX4 given below is the

evaluation of the performance of 4 players pl, p2, p3, p4 by
four judges.
hfs(cooperation) = {h1 = (0.75,1,0.8, 0.8), h2 = (0.6,0.65,0.7,0.75),

h3 =(0.8,0.75,1,0.9), h4 = (0.6,0.75,0.9,0.85)}; h-?s(energetic) =

{h1=(0.75,0.7,0.8,0.6), h2 = (0.85,0.7,0.8,0.8), h3 =
(0.7,0.7,0.9,0.8), h4 = (1,0.9,0.99,0.9)}; h-?'s(communication) ={hl

=(0.75,0.9,0.8,0.9), h2 = (0.6,0.85,0.8,0.9), h3 = (0. 8,0.9,0.75,0.7),
h4 = (0.9,0.65,0.85,0.7)}; F;fs(commitment) ={h1=(0.8,0.9,0.9,1),

h2 = (0.7,0.6,0.7,0.8), h3 = (0.8,1,0.9,0.9), h4 = (0.9,0.7,0.75,0.8)}.
Definition 2.19. [6] For two hesitant fuzzy soft sets hfsXa

and ;fqus over a common universe X we say that FfstA is
hesitant fuzzy soft subset of h? gX®. It is denoted by

hfsXa & hfgXe. Here hfg: B — hf(%).

if 1) A€ B (i) hfs (a) € hfq (a) for every ain A.

Definition 2.20. [6] Let ifsX4 be hesitant fuzzy soft set.
Then the complement of RfsXA is defined by RfsX# = (hf", A)
where FTfr(a) is the complement of the hesitant fuzzy set hmf(a).
Note. (i). Let hfsXA and AfgX® be two hesitant fuzzy soft sets

over X. Then they satisfy Demorgan laws.
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(ii). [RfsXA U hfgXe] = hfsXa 71 hfgXe.

(iii). [AfsXa 71 AfgXe] = (AfsXay U (RfgXey.

Definition 2.21. The hesitant fuzzy soft null set is a HF soft
set hfsXA over X is said to be HF soft null set denoted by

Fffsk’ ¥if ve £ A, h-?s (e) is the hesitant fuzzy null set FE?*J of X
where hf x)=1{0}, ¥x e X.

Definition 2.22. A HF soft set hfsX4 over X is said to be HF
soft full set denoted by hfsXXif we £ A, hfs () is the hesitant
fuzzy full set hf*of X where hif x)={1}, ¥x eX.

In this section, we will introduce hesitant fuzzy soft topologi-
cal spaces and related properties.
3 Hesitant fuzzy soft topological space

Definition 3.1.[13] A hesitant fuzzy topology HFt is a class
of hesitant fuzzy sets over X which satisfies the following con-
ditions:

(i) hf¥ hf* e HFr,

(i) If hffs, hfs € HFt, then hfA fi hf® € HFx,

(iii) If { Rfa}ier £ HF7, then Uit hfai € HF .

The pair (HFXE, HFr) is called a hesitant fuzzy topological

space. Every element of HFr is said to be hesitant fuzzy open
set. The complement of a hesitant fuzzy open set is said to be a
hesitant fuzzy closed set.
Definition 3.2. A hesitant fuzzy soft topology HFSt is a
class of hesitant fuzzy soft sets over X which satisfies the fol-
lowing conditions:

(i)  RfsX¥ hfsXx € HFSr,

If hfsXa, hfsX® € HFSt, then hfsXa i hfsXe € HFSt,
If {hfsXH}ie € HFS, then Uier AfsXHi € HFSt .
The pair (HFSXE, HFSt) is called a hesitant fuzzy soft
topological space. Every element of HFSt is said to be hes-
itant fuzzy soft open set.
Definition 3.3. If the complement of a HF soft set AfsX is a
hesitant fuzzy soft open set, then RfsX? is called HF soft

closed set.
Example 3.5. Consider a collection HFSt of HF Soft sets
over X as HFSt = {hfsX¥ , hfsXx hfsXa, hfsxs ).

(i). hfsX®, hfsXx € HFSt.

(ii). RfsX¥® i hfs¥x= AfsX¥ RfsX® [ hfsXa=hfsX¥;
hfsX¥ i hfsXe= hfsk¥ hfsXx{i hfsXa=hfsXa;, hfsxxfi

hfsXe = hfsXs; hfsXafi hfgXs = hfsXe,
(iii). RfsX® U Rfsxx = hfsXx; hfsX® 0 hfsXa = hfsXa;

hfsX® J hfsXe =hfsxs,
hfsXx O hfsXa=hfsXx hfsxx J hfsxe = hfsXX; hfsXa
U hfsXe = hfsXa;
hfsxx UhfsXa U hfsXe = hfsXX and also hfsX¥ U
hfsXx 0 hfsXa § RfsXs = RfsXX,

Thus (HFSXE, HFSt) is a HFS Topological space.

The HES open sets are hfsX® hfsXx hfsXa hfsXs and their

complements are HF Soft closed sets.
Theorem 3.6. Let (HFSXE, HFSt) be a HF soft topological

space and HFSt* denote the collection of all HF soft closed sets
in (HFSXE, HFSt).Then

(i). hfsX¥, hfsXx €HFSt*
(ii). If hfsXa, hfsXs €HFSt* then hfsXa UhfsXe €

HFSt* and
(iii). If hfsX“*€eHFSt* forall @ € A then N hfsk* e

HEFSt* for all @ € A.

Proof. (i). Since (HFSXE, HFS) is a HF Soft topologi-
cal space clearly hfsX?, hfsXx €HFSr.

= hfsk? RfsXx are HF Soft open sets in (HFSXE,

HFSq).
= RfsX¥, hfsX¥ are HF Soft closed sets in (HFSYE,

HFSq).
= hfsX¥, hfsX¥ €HFSt*,

= hfsk? hfsXx € HFSt* because hfsX¥= hfsXx and
hfsXx¥ = hfsX¥ .

(ii). Suppose AfsXA, hfsXs €HFSt*

= hfsXa, RfsX® are HF Soft closed sets in (HFSYE,

HFSt).
= hfsX¥, hfsX® are HF Soft open sets in (HFSXE,

HFSt).
= hfsX~, hfsX» eHFSt.

= hfsX~'fi hfsX¥ €HFSr, By definition 5.3.2.

= RfsX~f hfsX® is a HF Soft open set in (HFSXE,
HFS).

= (AfsX~'f
HFS).

i.e. hfsX» URfsX® is a HF Soft open set, by Demorgan

hfsX®) is a HF Soft closed set in (HFSYE,

laws and definition of HF Soft closed set.
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= hfsXr U hfsXs €HFSt* by definition of HFST*,
(iii). Suppose AfsX4% €HFSt* for all & € A.

— For each @, hfsX*® is a HF Soft closed set in
(HFSXE, HFS).
= For each @, (AfsX“%Y is a HF Soft open set in
(HFSXE, HFS).
= UgeshfsX4% €HFSt By definition 5.3.2
= UgeshfsX4% is HF Soft open set in (HFSZE, HFS).

=  (UgeshFsX4%Y is HF Soft closed set in (HFSTE,

HESn).
i.e. N &€ ARfsX4% (by Demorgan’s law) is HF Soft closed set

in (HFSXE, HFSn).
. mhfsk* eHFSt* forall & € A.

Hence proved.
Definition 3.7. Let HFSt and HSHt* be two HF Soft topolo-
gies on (HFSXE, HFSt). HFSt is said to be coarser than HFSt*

or that is HFSt* finer than HFSt iff HFSt € HFSt*. If neither
HFSt £ HFSt* nor HFSt* £ HFSr then these topologies are not

comparable.
Definition 3.8. Let (HFSXE, HFSt) be a HF Soft topological

space and for Y ¢ X, B c E, Fffq: B — o(X). Then the HF Soft
topology, HFSt*= {(hfgY? fi RfsXs : RfsXA e HFSt) equipped
with the class of HF soft subsets HFQYE is called HF Soft
subspace of (HFSYE, HFSt) and is denoted by (HFQVE,

HFSt*).
Definition 3.9. A HF Soft set hfsX4 is said to be a HF Soft

point in (HFS}?? , HESt), denoted by h-?sXAe, if for the element
ecA, hfs(e) # g and hfs(e’) = p, Ve A -fe}.

Definition 3.10. A HF Soft point hfsX4e is said to be in a
HF Soft topological space (HFSYE, HFSt) denoted by hfsX4e
e hfsXs, if for the element ec A, FfstA(e) < FfstB(e).
Definition 3.11. Let (HFSXE, HFSt) be a HF Soft topologi-

cal space over X;
hf=XB be a HF soft subset of hfsXA and hfsXax be a HF soft

point in (HFSXE, HFSt), then hfsX® is called a HF Soft neigh-
bourhood of RfsXAx if there exists a HF Soft open set AfsXc
such that AfsXax e hfsXc € hfsXs. The neighbourhood sys-
tem of a HF Soft point FfstAe, denoted by NHFST(E:FSXAG), is

the collection of all its neighbourhoods.

Definition 3.12. A HF Soft set 2fsX in a HF Soft topologi-
cal space (HFSXE, HFSt) is called a HF Soft neighbourhood
(shortly nbd) of the HF Soft set EfsXA if there exists a HF Soft
open set HFSXs such that AfsXs & hfsXs & RfsXN,

Theorem 3.13. The neighbourhood system Nyes.(RfsX"e) at

hfsX*e in a HF Soft topological space (HFSXE, HFSt) possesses

the following properties:
(i) 1f AfsX® E Nygs. (RfsXA€), then hfsX%e € hfsX®

(ii) If AfsX® & Nygs.(RfsX"e) and hfsX® & hfsX® then hfsxP
Nies:(RF5X"e),
(iii) If RfsX®, AfsX® & Nyes.(RfsX%e), then hfsx® i hfsx®
Nies:(RF5X"e),
(iv) If AfsX® & Nyes.(BfsX%e), then there is a hfsxX™ &
Nues:(RfsXe) such that AfsX® & Nyes.(AfsX“e’) for each
hfsxPe’ E hfsxM.
Proof. (i). If hfsX® & Nurs.(RfsX4e), then there is a hfsXP &

HFSt _ _ _

such that hfsXae & hfsXP € hfsX5,

Therefore, we have hfsXae & hfsXe.

(ii). Let AfsX® & Nirs,(hfsX4e) and hfsXe & hfsXp.

Since hfsX® & NHFST(E—FSXAG), then there is a hfsX™ & HFSt
such that hfsXe & hfsXM & hfsXs,

Therefore, we have hfsXae & hfsXM & hfsxe € hfsXP and

s0 hfsXP & Nurs, (hfsX2e).

(iii). If hfsX®, hfsXP & Nurs,(hfsX4e), then there exist hfsX,
hfsX< EHFSt

such that hfsX#e & hfsXM & hfsXp

and hfsXe & hfsXx € hfsXp.

Hence hfsXae & [hfsXM [ hfsXK] & [hfsXe fi hfsXD].

Since [AfsXM i hfsXX] & HFSt, we have [hfsX® i hfsXp] &
Nirs, (RfsXae).

(iv). If AfsX® & Nurs, (2fsX4e), then there is a hfsXx & HFSt
such that hfsX#e & hfsXx & hfsXs,

Put hfsXM = hfsXX, Then for each hfsXae’ & hfsXy,

hfsXae’ & hfsXM = hfsXx € hfsXe,

Hence hfsX® & Niurs, (RfsXA¢').

Definition 3.14. The HF Soft interior of a HF Soft set hfsXa
denoted by I(P;stA) is defined by the union of all HF Soft

m

m
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open sub sets of hfsXa .

Le=y {RfsX5': RfsX is HF Soft open sub set of hfsXA}.

i
Theorem 3.15. By the above definition, the following
statements can be proved easily.

(). I(fsX~) is a HF Soft open set, because arbitrary union of

HF Soft open sets is HF Soft open.
(ii). I(h:FHsXA) — hfsXa, because union of subsets of a set is

again subset of it, and
(iii). If AfsXA is HF Soft open then AfsXA = I(AfsXA).

(iv). I(AfsX4) is the largest HF Soft open set contained in
h.FstXA.

Definition 3.16. The HF Soft closure of a HF Soft set hfsXa
denoted by W is defined by the intersection of all HF Soft
closed super sets of AfsXA.

ie. W =N {hfsX5': hfsX%'is HF Soft closed super set of
hfsXa) |

Theorem 3.17. For any HF Soft set hf=XA, we have the fol-
lowing. H B

(i). hfsX%is a HF Soft closed set (Since hfsX# is the arbitrary

intersection of HF Soft closed sets).

(ii). hfsXa € hfsX#  (Since hfsX4 is the intersection of HF Soft
super sets of hfsXA)

and (iii). If h-?'SXA is HF Soft closed then h.?sXA = @.
Proof: Let (HFSYE, HFSt) be a HF Soft topological space

over X
Let hfsXA be a HF Soft set over X such that AfsXa = hfsk#.

To prove that ifsX# is HF Soft closed.
We have hfsk4= M {RfsXE': hfsXE is HF Soft closed super

set of RfsXa} ........ 1)

Being an arbitrary intersection of HF Soft closed sets, W is
HF Soft closed set,

and since AfsXA = hfsX4 we get hfsX is also HF Soft closed.
Conversely, suppose that ifsX4 is HF Soft closed in (HFSYE,

HFSq).
To prove that AfsXA = RfsX4,

It is clear from definition (1), being a superset, AfsX* & hfsk4

And for any HF Soft closed super set hfgXe of hfsXa,

we have hfsX¥4 & hfgX® from (1), being intersection of all HF

Soft closed super sets.
Similarly, as RfsX* is HF Soft closed and also we know that

hfsXA E hfsXA, we get that W ERfsXA o, 3)

Hence from (2) and (3), hfsXa = W.

Definition 3.18. A HF Soft point hfsXAe is said to be a HF
Soft boundary point of a HF Soft set hfsX* if hfsX4. e
RfsX4 7 RFsXA’

Definition 3.19. The set of all HF Soft boundary points over
a HF Soft set RfsX* is called HF Soft boundary of the set

hfsXA and is denoted by B(FfstA).

Definition 3.20. Let (HFSXE, HFSt) be a HF Soft topological
space. Let hfsXA be a

HF Soft set over X. Then the HF Soft exterior of FJ?'SXA, denot-
ed by hfsXa,

is defined as hfsXao = [(hfsXAc).i.e. the exterior of a HF Soft set
hfsX* is interior of the complement of the HF Soft set AfsXA,
Theorem 3.21. Let (HFSYE, HFSt) be a HF Soft topological
space. Let hfsXA and

h-? gX® are fuzzy soft sets over X. Then

(1) (RfsXA) = (RfsXacy.

2) (RfsX) T (RfgX®)) = (hfsXA) i (RfgXeo).

(3) (hfsXay U (hfgXey E((RFsX) [T (hfgX®)y.

Theorem 3.22. Let (HFSXE, HFSt) be a HF Soft topological
space. Let hfsX be HF Soft set over X. Then

(1) (B(hfsX¥)y = (hfsX)y U ((AfsXx) = (RfsXay U I(AFsXA).

(2) RFsk* = (RFsX2) U B(RFSX).

(3) (RfsXAy = (RFsX#) U B(AfXA).

(4) B(hfsX~) = hfsX4 [ hfsk® = Rfsk4 | (hfsXAy.
Proof. (1) (afsx) U (RfsXxy = (AFsXAY)Y T ([(AfsX¥)]).

= [((AfsXAYY 7 (RfsXX))] = [hfsk# Ti hfsX#] = (B(hfsXA)y.

(2) (hfsXa) U B(hfsX4) = (RfsXA) U hfsX4 [ hfsx4

= [(AFsX~y U hFsKA] 7 [(AfsX*) UAFsX#]

= RfsK4 A[(RfsXay U AfsX4]

= hfsX4 7 RFsXx = (hfsX?).

(3) (RfsX#) { B(RfsX*) = (AfsX4) fi (B(AFsXA))y
= (hfsX#) A ((RfsXAy T ((RFXAYY) (by (a)
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= [(hfsX4) 7 ((AfsX*)y] T [(AfsX4) f (AfsXaYy]
= (hfsXy U hfsX¥ = (RfsXay.

(4) B(AfsXt) = hfsX® | (AfsXay = hfsXA A (RFsXay) =
Theorem 3.23. Let (HFSYE, HFSt) be a HF Soft topological
space. Let BfsXA be fuzzy

soft set over X. Then
(1) B(hfsX~) i (AfsXAy = hfsX®.

(2) B(hfsXA) 7 (hfsXa)= hfsX¥.
Proof. (1) B(hfsXa) i (hAfsXay
= (AfsXay i B(RfsX?)

= (hfsXAy 7 (AfsX4 1 hfsX4")

= (hfsXAy i hfsXA f hfsX4’

= hfsX®.

(2) B(hf=XA) 7 I(hfsX)

= ((RfsX)y i (hfsX4 7 hfsx4)
= (RfsX~y 7 hfsX* 7 RfsX!

= hfsX4 [ hfsX4 i hfsk#,
= hfsXk®.
Theorem 3.24. The following properties can be easily estab-

lished with the help of the above definition.
For any HF Soft topological space (HFSXE, HFSt) and RfsXC e

HEFSt then
(i). B(AfsX) &hfsXE,

i.e. The HF Soft boundary of a HF Soft set is subset of the HF
Soft boundary of the set.
(ii). RfsXA is HF soft open set if and only if 2fsXa 7 B(hfsXA)

= hfsXk®.
(iii) =X is HF Soft closed if and only if and only if B(hfsXA)
& hfsXa,

(iv). B(hfsX4) = hfsX4 | (RfsXa).

Proof. (i) By definition it is clear.

(ii) Let hfsXa be a HF Soft open set over X.

Then hfsXA = (h:FHsXA)D.

ShfsXa i B(hfsXA) = (hfsXA)y i B(hfsX?) = hfsX?. (by theo-
rem 3.23.)

Conversely, let AfsXA [ B(AfsXA) = hfsX?.

Then hfsXA A hfsX4 i hfsX% = hfsk¥.

That is, AfsXa fi hfsX# = hfsX¥.

. So hfsk# & hfsX~ It shows that AfsXA" is a HF Soft closed

set.
Hence hfsXA is HF Soft open.

(iii) Let hfsXa be HF Soft closed set over X. Then hfsXA =
hfsk4,

Now B(hfsXA) =hfsk4 i hfsX4" £ hfsk4= hfsxa.

That is, B(hfsX2) € hfsXa.

Conversely, let B(afsX4) & hfsXA.

Then B(hfsX*) fi hfsXa’ = hfsX®.

Since B(hfsX4) =B(hfsX~) = hfsk® we have B(hfsX~) i
hfsXa’ = hfsX¥.

Then by (1) RfsX*" is HF Soft open and hence hfsX4 is a HF
Soft closed set over X.
(iii).hfsX4 | (hfsXay =
( h?s X.-tn'],

(By definition 2.19 and 3.2., hfs¥4% & (hfsX#), hfsX¥4* eHFSt

) _
= hfsX4 B (A[AfsX4%]) = hfsk4 0 hfsX4 =B(hfsXa).

(Since hfsX4% €HFSt, hfsX4% is HF Soft open set for each g,

hfsX4 i (RfsXAy)y = hfsX4 [0

hfsX“% is HF Soft closed for each & and arbitrary intersection
of HF Soft closed sets is HF Soft closed set and we know that
A[RfsX4EY = hfsX¥).

Theorem 3.25. Let (HFSYE, HFSt) be a HF Soft topological
space. Let hfsXA and

h-FfH gX® are HF Soft sets over X. Then

(1) B(hfsX» U hfgx®) E B[afsXr [ hfgXe |1 U [B(hfgX®) f

hfsX#] & [B(hfsX» U B(hfqX®)]

(2) B(AfsX» i hfgX®) € [B(hfsX*) fi hfgX¥]U [B(hfgX?) f
hfsX4] € [B(hfsX» U BHFQXs].

Proof. (1) B (hfsxr O hfgxs) = (hfs¥4 U hfgk5) i

(hfsx# U hfqX®)’.

= [hfsX? U hfqX®] A [afsX% [ hfqX®).

& [AfsX40 hfqgXB] A[hfsk4'A hfgXE.

= [hfsk4 B (hfsX4'0 hfqX®)] U [hfeX® 0 (Afsk4'R

hfgX®))]

= [RfsX4 Fi (hfsX4" R hfqX®)] U [hfqX® A hfqX®' A hfsX4)

= [B(hfsX2) i hfgX®] U [B(hfgX®) fi hfsX4]
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€ [B(hfsXA U B(hfgX?]

(2) B (AfsX~ i hfgXe) = [AfsX41 hfqXZ].7 [RfsX4 N hfqX?).

= [hfsX* 11 hfqX®] A [AfsX* Uhfqx®].

€ [hfsX A hfqX®) A[hfsxa U hfqXs]

= [hfsX8 [ hfgXB [ hfsXA U [hfsX4 0 hfoX5 M hfgXs
g [ g g

= [hfsX8F RFsXA 1 hfgX5) (J[hfsX4 B hfqX8 i hfgXE'
ga7] g g

= [B(RfsX*) 1 hfqX® U[B(hfqX?) i hfsk4).
E[B(hfsX*) U B(hfgX®)].
4 Hesitant fuzzy soft compact spaces
In this section we define HF Soft open cover, HF Soft sub

cover, HF Soft compact space, HF Soft compact subspace.
Definition 4.1. Let (HFSXE, HFSt) be a HF Soft topological

space. A collection {Fffs}f E[} of HF Soft subsets of HFSYE is
said to be a HF Soft open cover of HFSXE if each HF Soft point
in HFSXE is in at least one hfsX® i.e. HFS¥E= U; hfsX®
Definition 4.2. A sub class {hfsXS* hfsX® hfs¥®® .
h.Hst Em of a HF Soft open cover {thSX l:[} which itself forms an
open cover for HFSYE is called a HF Soft sub cover of HFSYE.
ie. When HFSY¥E= hfsX% U hfsX%* 0 RfsX¥®..... U
hfsX&®.

Definition 4.3. A HF Soft compact space is a HF Soft topo-
logical space in which every HF Soft open cover has a finite
HF Soft sub cover.

Definition 4.4. A HF Soft compact subspace of a HF Soft
topological space is a HF Soft subspace which itself is a HF
Soft compact as a HF Soft topological space in its own right.
Theorem 4.5. Any HF Soft closed subspace of a HF Soft
compact space is HF Soft compact.

Proof. Let (HFSXE, HFSt) be a HF Soft compact space.

Let RfsXA be a HF Soft closed subspace of HFSXE.
Now we have to prove that ifsX* is HF Soft compact space.
For this we show that every HF Soft open cover of hfsX# con-

tains a finite HF Soft sub cover.
Suppose {hfsX%Y is a HF Soft open cover of hfsX*.

By definition 3.2, AfsX® =0 AfsX% (1)

Since each AfsX % is a HF Soft open set in AfsX*,

hfsXS = hfsX® [/ HFSKE............. 2),

where hfsX™ & HFSXE for each i by definition of relative HF

Soft topology.
Since hfsX* is HF Soft closed subspace of HFSYE,

hfsX4*is HF Soft open subspace of HFSYE.

And it implies that HFSTE = hfsX® U Rfsx® ... 3)
hfsXS U hfsX¥ (Using (1).

U(hfsX® U hfsx#)

= U[(rfsx®) U hfsX¥], Using (2).

= O[(AfsX™ U hfsX®) A (hfsX* U hfsX?)] By distributive

]

property.

= [(hfsX¥ 0 hfsX%) 1 HFSXz], Using (3).

= [hfsX® T hfsX?), Since each AfsX™ and AfsX*’ are HF
Soft subsets of HFSYE.

{{h.?s}f”[}, hfsX4% is a HF Soft cover of HFSXE.

Since HESXE is HF Soft compact, this HF Soft open cover has

a finite HF Soft sub cover.
Let it be {AfsX™t hfsX™ nfsx™ ... hfsX™" hfsX4y.

— HFSXE = hfsX® U hfsx™ 0 hfsx™ ... U hfsxn

Since hfsX* = HFSYE we get hfsk* = HFSTE i hfsX4.

= hfsk* = [AfsX®* U hfsx™? U hfsX™ 0. U hfsx®"
hfsX# i hfsX?, Using (4).

hfsXA=[(RfsX™ 1 hfsk*)U(RfsX™ & AfsX®)......... (
hfsXE™ { hfsX4)] U (AfsX* 0 hfsX?).

hfsX® = RfsXS* U RfsX®*0.......... U hfsXc" {J hfsX®.

= hfsX* = hfsX® J hfsx® U hfsXx®......... U hfsxcm,

& [RfsX hfsX® RfsX® RfsX®...... , hfsX®™ is a finite
HF Soft sub cover of hfsX+.

Hence every HF Soft open cover of ifsX* has a finite HF Soft

sub cover.
And hence hfsX* is a HF Soft compact space.

Thus any HF Soft closed subspace of a HF Soft compact space
is HF Soft compact.
Hence the theorem is proved.

5 CONCLUSION

In this chapter, we have presented mappings on hesitant fuzzy
soft sets, HF soft topological spaces and proved related proper-
ties. We have also defined HF Soft point, HF Soft neighbor-
hood system and verified corresponding results. Later we
have defined HF Soft interior point, HF Soft closure, HF Soft
boundary point, and HF Soft exterior points and their proper-
ties are verified. We have also defined HF Soft compactness,
for this we have introduced HF Soft open cover and HF Soft
finite sub cover. Next we have proved some theorems related
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to them.
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