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ABSTRACT

With the help of N-equation property and Ns-Nd operation which was published in August edition 2013 an attempt was made to
penetrate the mystery of Fermat Number and it was published in June & July edition 2015 of this journal. With further development
of different properties of N-equation now it is felt necessary to update the papers of Fermat Number and to reestablish its proof that
it is always composite for n > 4, on solid ground. Earlier proofs seem to be not so convincing as it is now. This paper contains some
new properties of N-equation, rearrangement of points with little change and the proof of Fermat Number in a different angle.
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1. Introduction

N-equation a? + b2 = ¢? (a, b, c can be said as its elements) is nothing but the systematic arrangement of all
Pythagorean triplets. According to this arrangement the N-equation has been divided into two kinds i.e. 1¢
kind includes where k = ¢ — b is in the form of 12, 32, 52,....... and 204 kind includes where k = ¢ — b is in the form
of 2.12,2.22,2.3% ........ assuming a <b < c in both the cases. Regarding prime numbers’ distribution if we look
its arrangement in ‘Mixed zygote’ form we will observe that all the prime numbers satisfy the left hand odd
element of a N-equation for k = 1 only. All other left hand odd elements except k = 1 are composite i.e. the left
hand element for k = 1 contains all odd numbers but for k # 1, it contains only composite numbers. Moreover,
for k = 1, the nature of conjugate zygote expression i.e. (a? = [32) is such that a, [ are always consecutive

integers.

Furthermore, RH odd element + LH odd element = 2(integer)? and RH odd element + LH even element = (odd
integer)?

From N operation we can review the following property.

7T (e + 0i2) = (e1? + 012) (e22 + 022)(e3® + 0?)........ (en? + 0n2) = E(v2 + dp?) = (vi2 + di?) = (v22 + d2?) = (va2 + d=?) = ...... 2n-1

wings where the symbol 7t & E stand for continued product & equalities, e, v for even integers & o, d for odd
integers. All (e + 0i2) are prime numbers & gcd(e;, 0i) = gcd(vj, dj) = 1. If any prime is repeated thrice or more
then in all cases gcd(vj, dj) # 1. Because when p is prime, p & p? both have single wing but p? has double wing,
one where gcd of elements = 1 and other where gcd of elements exists as p e.g. 5 =22+ 12 & 52 = 32 + 42 whereas
53=112+22=52+102

The product & division rules of Ns operation are as follows.

(e1? + 012).(e22 + 022) = (| ele2 + 0102| )2+ (| e102 —/+ 01ezl )? &

(e12 + 012)/(e22 + 022) = {| ee2 + 0102| /(€22 + 022)}2 + {| €102 —/+ 01e2| /(e22 + 02%)}? consider only one wing which has
integer elements.

Based on the above theoretical background we can further develop the property of N-equation with updating
the published papers and reestablish the proof that the Fermat number (Fn= 2> + 1) will always represent a
composite number for n >4

2. If an odd integer in the form of e? + 0> where gcd(e, 0) = 1 is composite then there must exist at least one
pair of integer I (one is odd & other is even) so that [{Min(e, 0)} + I12] & [{Max(e, 0)}2- I1] both are square

integers while the existence of any one of I:2 confirms the number to be composite.

Let us consider a composite number N = (e? + 02) = (e12 + 012) (€22 + 022) = (€102 * €201)? + (€162 —/+ 0102)?
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Here one wing is (e102 + e201)? + (e1e2 — 0102)?

= even element of other wing = (€102 — e201) = V{(e102 + €201) — 4e1€20102} = V(e? — 4e1€20102) = (2 — 4e1e20102) must
be square integer. Similarly for odd element of other wing (02 + 4eie20102) must be a square integer.

In this caseo<e

For e < o, consider one wing is (€102 — e201)? + (e1e2 + 0102)?

= even element of other wing =(e2 + 4e1€20102) & odd element of other wing is V(02 — 4e1€20102)

= both (e2 + 4e1e20102) & (0? — 4e1e20102) must be square integer.

Hence, {Min(e, 0)}? + 4e1e20102 = P2 & {Max(e, 0)}? — 4e1e20102 = Q? say, {Min(e, 0)}*> + V = P? & {Max(e, 0)}>- V =Q?
= {Min(e, 0)}> + (Q>- P2+ V) = Q? & {Max(e, 0)}> - (Q*> - P2 + V) = P2 say, {Min(e, 0)}> + D = Q2 & {Max(e, 0)}?-D =
P2

= If V exists D must exist or vice-versa.

= Existence of D or V confirms the composite nature of the number N.

= For a composite number, internal equidistant elements from both the extremities must be two square
integers of even & odd at least for once and this ‘Equidistance Gap’ (E.G) is multiple of 16 otherwise it is prime.
= [{Min(e, 0)}> + 16k] + [{Max(e, 0)}> — 16Kk] = P2 + Q? for a composite number wherek=1,2,3, .........

3. For a composite number N = e1>+ 01? = 22 + 022, Mlin(ez, 02) < (e1 + 01)/2 < Max(ez, 02) & Min(es, 01) < (e2 + 02)/2
< Max(e1, 01)

Let N = (vi2 + d1?)(v2? + d2?) = (vid2 + vad1)? + (vivz —/+ did2)> where v is even & d is odd like e & o respectively.
Say the wing (vidz+ vadi)? + (vivz — did2)? = e1? + 012 & other wing = e2? + 022

It is obvious, (vid2+ vad1)? < [{(vid2+ vadi) + (viva — did2)}/2]2 < (viva — did2)?

= (e22 + 4vivedidz ) < {(e1 + 01)/2)> < (022 — 4vivedidz ) = e2 < {(e1 + 01)/2}2< 022 = e2< {(e1 + 01)/2} < 02

= Min(ez, 02) < (e1 + 01)/2 < Max(ez, 02). Similarly, Min(e, o1) < (ez + 02)/2 < Max(e1, 01)

Obviously, all vi, v2, di, d2 < Min[(e1 + 01)/2, (e2 + 02)/2]

For a composite number 1 + e where lower element is one E.G cannot be more than e? hence its all other wings
P2 + Q2 has the property 1 <P;, Qi<eie. 1 <Min(P; Qi) < (e +1)/2 & (e + 1)/2 < Max(P;, Qi) < e or physically it is
quite understood.

4. Nature of (b + a) for a N-equation a>+b?=c2(a<b)

The 1+t kind N-equation is of the form {b + (2x — 1)2 - 2y?}2 + b2 = {b + (2x — 1)2}2 where 2y?>> 2x - 12 & k =

(2x — 1)? is constant whereas y is variable.

= (b —a) =2y -k for i > an assigned value m.

The 27 kind N-equation is of the form {b + 2x> — (2y — 1)2}2 + b? = (b + 2x?)? where (2y — 1) > 2x? & k = 2x? is
constant whereas y is variable.

= (b-a)=(2yi—1)2—-1 fori> an assigned value m.

For both kinds of N-equation (b + a) follow the same sequence as (b — a) and for a particular value of k the
ordered pair (b — a, b + a) follows the sequence (a1a2), (c2as), (Az,04), .......

5. For a N-equation a2+ b2 =c?> how a, b form consecutive integers.

If a is odd & b is even then from property of N-equation we can write c + a is of the form 2(32 & ¢ + b is of the
form o

= a~bis of the form a? ~ 2> = if a~b =1 then a? ~ 232 =1.

Case-I: When a?-2p2=1.

Say, a2 = (2x + 1)> = 2 =2x(x + 1) which is possible only for x=11.e.32-2.22=1
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It produces the only relation under 2" kind N-equation i.e. 202 + 212 = 292,
Case-II: When 2p?-a?=1

Here, B2=x2+ (x +1)2

= (2x + 1)2 will be of the form “sum of two consecutive integers’ square” when

X2+ (x + 1)?is a square integer.

We have 32 + 42 = 52where x =3

Hence, next consecutive phenomenon will be observed for (2.3 + 1)2<50 i.e. 2.52i.e. for k=72,

Say, (b — 1)+ b?= (b + 722 = b = 120 that follows the relation 1192 + 120> = 1692.

Next phenomenon will be observed for (2.119 + 1)2<2.169? i.e. for k = 2392.

Say, (b —1)2+b2= (b + 23922 = b = 137904 that follows 1379032 + 1379042 = 1950252.

Similarly, next (a, b) — consecutive phenomenon will be observed as 1836480215992 + 183648021600% =
2597175228492 & so on.

So, with the help of an (a, b)-consecutive equation (or can be said as abc-equation) we can produce next abc-
equation. Hence, the existence of abc-relation is infinite.

abc-equation always falls under 1t kind except 20% + 212= 292 which is under 24 kind. This is because of the fact
that 2u? — 1 = I2 has infinitely many solutions but 2u? + 1 =1I? has the only solution i.e. 2.22 +1 =32

= if abc-equation falls under k = p? then p? + 1 must be in the form of 2u2 Obviously, abc-eq. is the leading set
of k=p2.

For a N-eq. a2 + b2 = 2 if c is free from any abc-relation then it cannot be under k =1 and hence all the left hand
odd elements (say ai) produced by (ai)?+ (bi)? = c> are composite.

6. For a N-equation a? + b2 = ¢? (a < b), ¢* will produce an abc-equation having k = (b — a)? if (b — a)? is of the
form 2u?-1.

a2+ b? = 2 may be of any kind and similarly, (b?> - a2)?+ (2ab)? = c* can be of any kind. But c* will produce abc-eq.
when it is of 1¢t kind i.e. (b? — a?) < (2ab)

Let us consider a N-eq. of 1stkind {b + (2x — 1)> - 2y?}> + b? = {b + (2x — 1)?}> = c? where 2y2 > (2x — 1)

= [b2—{b+ (2x — 1) - 2y??]* + [2b{b + (2x — 1)2 - 2y*}]> = c*.

= 2b{b+(2x-1)2-2y% - [b2— (b + (2x - 1)>-2y?}?] =1

= 2b>-4bp + p>-1=0where p=2y2- (2x - 1> & D =8(p*>+ 1)

If D is a square integer p?> must be in the form of 2u? -1 i.e. (b — a)?is in the form of 2u?-1.

Similarly, if we consider a N-eq. of 24 kind we will get the same result i.e. (b —a)?is in the form of 2u?-1.

As (b + a) both exist in a particular value of k with equal integer in consecutive two sets we can write the
condition {(b + a)x}2= (b + a)k-1.

7. There exists only one relation under k = 1 where c¢* produces abc-equation.

Functional form of N-equation for k =1 is (2x + 1) + {2x(x + 1)}2 = ¢?

= [{2x(x + D2 — (2x + 1)22 + {2.2x(x + 1)(2x + 1)}2 = c* where {2.2x(x + 1)(2x + 1)} — [{2x(x + 1)}2 - (2x + 1)?] = 1
On simplification, x* - 3x-2=0=x=2

Hence, 52 + 122 =132 will produce abc-relation i.e. (122 —5%)? + (2.12.5)2=13* or, 1192 + 120> = 13*.

8. For a sequence of N-equation (ai)? + (bi)? = (ci)? of a particular value of k, c* will remain under 1+ kind so
long 2a? - (b — a)?> 0. If 2a% - (b — a)?=1, ¢* will produce abc-relation where c? can be said as square root of ab-
consecutive equation or simply Vabc-equation.

Let us consider a N-equation of any kind a2+ b?=c? where b > a
= (b2 - a?)? + (2ab)? = ¢* which will remain under 1st kind when 2ab > (b2 - a?) i.e. (b/a)? - 2(b/a) -1 <0
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=b/a€ (0,¥2+1). As (b/a)>1,b/a€ (1,2 +1) = b/a<2+1=2a2- (b-a)2>0

Now say,2a?—(b-a)*=1i.e. a?+2ab-b2-1

Considering it as a quadratic equation of a, a =—b + V(2b2 + 1) where (2b2 + 1) is a square integer only for b =2
=>forb=2a=1& \/abc-equation is 12+ 22 =5 against abc-equation (22 - 122 + (2.1.2)2=5%i.e. 3 + 42 =52

It cannot be further continued as (2b? + 1) fails to produce further square integer.

But considering the quadratic equation with respect to b we have b = a + V(2a? - 1) where there exists infinite
nos. of square integers against (2a2 — 1). First one is obviously 5 & for a =5, b =12 i.e. 52+ 122 = 132 is the Vabc-eq.
of abc-eq. (122 - 522 + (2.12.5)2 = (13?)2i.e. 1192 + 1202 = 169>

Next square integer of (2a2—1) is for a =169 & for a =169, b = 169 + 239 = 408

= 1692 + 4082 = 195025 is the Vabc-eq. of abc-eq. (4082 — 1692)2 + (2.408.169)? = (195025) i.e. 1379032 + 1379042 =
1950252

Next a =195025 & b = 195025 + 275807 = 470832

= 1950252 + 4708322 = 259717522849 is the Vabc-eq. of abc-eq. (4708322 — 1950252)2 + (2. 470832. 195025)? =
(259717522849)? i.e. 1836480215992 + 1836480216002 = 2597175228492 & so on.

Sequences of Yabc-equations are as follows:

52+ {5 +(2.52 - 1)}2i.e. 52+ 122 =132 = 169

1692+ {169 +V(2.169% — 1)}2 i.e. 1692 + 4082 = 195025

1950252 + {195025 + V(2. 1950252 — 1)}2 i.e. 1950252 + 4708322 = 259717522849 & so on.

We have observed that every abc-relation has a definite Vabc-relation which is obtained considering the
sequence 2a>— (b—-a)*=1

= The condition {(b + a)x}? = (b + a)x-1 as stated in Point-6 is true only for k = 1 against p.

9. Left hand odd element of a N-equation like a2 + b? = ¢2 is always composite if ¢ is composite having one
wing in the form of (a2 + 1) but the reverse is not true.

There cannot exist a relation like a2 + 1 =32+ (3 + 1)?

As per theory explained in point no.3, if the said relation exists then B = (ot +1)/2 - % & B+ 1=(a+1)/2+ Y
iefp=aRR&pt+tl=(a+2)2=>a?+1=a?/4+(a+2)*/4or,a?-2a=0ie. a=2

= 12+ 22=22+ 12 & this is not accepted.

So, in a N-equation like a2 + b? = (a? + 1)? = ¢?, ¢ cannot be expressed as abc-consecutive relation.

= it cannot fall under k = 1. Hence, the left hand odd element is always composite.

If c is prime then it has a single wing in the form of a? + 1. Then also LH odd element is a? — 1 which is
composite excepting the case 32 + 42 = (22 + 1)2.

The same conclusion can be drawn in case of a2 + b2 = (Fn)2 where Fn denotes a Fermat Number.

As 1+ b?=c? does not exist Fermat Number cannot be a square integer.

Furthermore, for n > 0, if unit digit (UD) of L H odd element # 5 then Fx is bound to be composite.

Because, if Fx is prime it has only one relation [{22'"-D}2 — 12]2 + b2 = [{22'-D}2 — 12]2 where UD of a = 5.

If UD of a # 5 then definitely Fr has other wing. = Fn is composite.

For Fn is composite the possibility of UD of “a” other than 5 is 3 only. Because, UD of (Fn)? is 9 which attracts two
combinations only i.e. (UD of a =5)?+ (UD of b = 2)? & (UD of a=3)2+ (UD of b = 0)

10. How a relation us? + vi2 = u22 + v2? is formed where u12 & v1.2 are respectively odd & even and ui, uz both
satisfy c of a N-equation a2 + b2 = ¢2 by replacement method.

Let us consider a N-equation a? + b? = c> where the odd element a possesses at least two prime factors.

Then obviously there must exist at least one relation obtained by N4 operation of a? like a2 + bi? = c1?

= 12 + b2 = 2+ bi2. Here a must be composite.

All such relations with respect to b & c that exist are obtained by this method. These types of set of double
wings can be said as bondless pair.
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11. If u?+1is composite then u* + 1 is also composite that follows the proof that Fermat Number
(Fn = 2" + 1) always represents a composite number for n > 4.

If u? + 1 is composite it must have at least another wing.

Say, 2 +1=a2+b2= (u*+1)2={(a?+b2)?2-2u? or, (u*+ 1)>+ {2u(a? + b?)}> = (a2 + b2)* + Qu2....... (A)
According to theorem 10, there must exist another relation i.e. p? + (2u?)> = (u* + 1)? ......... (B) where p is
composite and it is the common relation and really exists irrespective of the fact whether (u* + 1) is prime or
composite i.e. (A) is a bondless pair.

Now the logic stands that if (u? + 1) is composite then only (B) exists.

Similarly, if (u* + 1) is composite then only p? + (2u*)? = (u? + 1)? will exist & so on.

So, for Fn = (u2+ 1) = {22°n-D}2 + 1 it will also be true.

By physical verification we have observed that Fs is composite. Hence, Fs, Fs, F7, ...... all are composite.

12. How Fermat Number (Fx = 22" + 1) initially represents five prime numbers.

It is quite obvious from the product rule of Ns operation that Fn= 2" + 1 will represent a composite number
when it is possible to divide 221 i.e. (Fa-1 - 1) into two even numbers say eio1 & ex0: where | eie2 — o102| = 1. If
not possible it is a prime. The term | elez — 0102| can be said as Fermat odd factor (For) & the term (e101 + e202) can
be said as Fermat even factor (Fef) of Fermat no. Fn

Here, obviously both the even nos. e1 & ez have same degree of intensity i.e. both contain the factors 2r. DOI of
Fet means DOI of e1 or ez2i.e. p but actual DOI of Fet > p.

Say, e1 = (2rd1) & e2 = (2°d2) = (Fn-1— 1) = (2pd1)o1 + (2Pd2)02 = 2P(01d1 + 02d2) and obviously (o1d1 + 02d2) is in the
form of 2™ where m + p =27-1 = there cannot exist any common factor between any two among di, d2, 01 & o2
Hence we cannot have any factor of Fx in the form of (ke)? + (ko)? = Fn is the product of prime numbers without
any exponent to any prime.

Example:

Fo=2%0+1=3. As there does not exist any number before Fo it is prime.

F1=2*1+1=>5. Here Fo—1=2 & 2 cannot be divided into two even numbers. Hence, F1 =5 is a prime.
F2=222+1=17 Here Fi—-1=4 & 4=2.1+2.1 where Fr=2.2 - 1.1 # 1. Hence F>=17 is a prime.
Fs=22%+1=257. Here F2— 1 = 16 and 16 can be written as,

16 =2.1+2.7 for which Fi=1.7-22=#1

16 =221+223 & Fr# 1 and lastly 16 =2.3 + 2.5 for which F¢# 1

For equal division obviously Ft# 1 Hence, Fs = 257 is a prime.

Fa=22"+1=65537. Here Fs — 1 =256 and 256 can be written as,

2+2127,4+4.63,23+2.125, ....... where in all cases Fot # 1 Hence, F4 = 65537 is a prime.

But for Fs =225 + 1 where F4 -1 = 65536 it is found that 65536 = 4.409 + 25.2556 where For= (409.25 — 4.2556) = 1
Hence,Fs is composite & Fs = (252 + 42)(4092 + 25562) = 4294967297

Conclusion:

Now I believe that the proof of this composite nature of all Fermat numbers for n > 4 will be accepted by all
mathematical communities. In general it will not be wrong to conclude that any number in the form of Fn =
(odd)?n + (even)* where gcd(odd, even) =1 produces constantly composite numbers after certain operations of
n for prime numbers. So at initial stage if (odd)? + (even)? is found to be composite it will never produce prime
numbers. The possibility of constant generation of prime numbers cannot be ruled out also.

I also believe that with the help of this Ns operation and Na operation as defined in my earlier papers published
in “IJSER, Houston, USA’ so many problems in Number Theory are possible to be solved.
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