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Boundary Layer Flow & Heat Transfer of an
Unsteady Dusty Fluid over a Stretching Sheet

S.K.Mishra and A.K.Rauta

Abstract- The unsteady flow and heat transfer of a viscous incompressible dusty fluid over a vertical stretching sheet is studied. The governing partial
differential equations are solved by reducing into ordinary differential equations using similarity transformations and the solutions have been found using
well known Runge-Kutta method with help of Shooting technique. The effect of pertinent flow parameters such as Unsteady parameter, Froud number,
Grashof number, Prandtl number, Eckert number, Volume fraction, fluid interaction parameter etc on heat transfer are investigated with help of tables
and graphs. We have found that our result is good agreement with previously published results. It is found that the thermal and momentum boundary
layer thickness decreases on the increase of unsteady parameter and the temperature of both fluid phase as well as particle phase are enhancing on the
increase of Eckert number. It is also noticed that the rate of cooling is faster for higher prandtl number and unsteady parameter.
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1. Introduction: surface in presence of thermal radiation and magnetic field
.Crane [13] has obtained the Exponential solution for

The unsteady flow and heat transfer of two phase viscous planar viscous flow of linear stretching sheet. Chamakha
incompressible flow over a stretching sheet is occurring in et.al.[7] Investigated the unsteady magneto hydrodynamics
several industrial applications and technologies. The boundary layer flow of viscous incompressible electrical
practical applications are underground disposable of conducting fluid along a semi infinite vertical permeable
radioactive waste materials, exothermic and endothermic plate. Nandkeolyar et.al. [16] have studied the effect of
reactions , centrifugal separation of particles, blood ramped surface temperature on the flow and heat transfer
rheology, flow through packed beds, sedimentation etc of a viscous, incompressible and electrically conducting
‘The momentum and Heat transfer in the laminar boundary dusty fluid in presence of transverse magnetic fluid, M Das
layer flow on a moving surface is also important for both etal. [14] recently have studied the unsteady hydro
practical as well as theoretical point of view because of their magnetic flow of a Heat absorbing Dusty Fluid past a
wide application in heat removal from nuclear fuel debris, permeable vertical plate with ramped temperature. B.J.
the aerodynamic extrusion of plastic sheet, glass blowing, Gireesha et.al[4] have studied the effect of hydrodynamic
cooling or drying of papers, drawing plastic films , laminar boundary layer flow and heat Transfer of a dusty
extrusion of polymer melt-spinning process and heat fluid over an unsteady stretching surface in presence of
treated materials traveling on conveyer belt etc .Due to this non uniform heat source/sink .They have examined the
fact several researchers motivated to study the effect of Heat Transfer characteristics for two type of boundary
momentum and heat transfer. conditions namely variable wall temperature and variable
The study of the boundary layer flow over a stretched Ei?;ef;;; G'I:I:Eamf;tet'ilraflss]fe?avih;?:::;?;is ﬂ:ﬁ
surface moving with a constant velocity was initiated by hydrodynamic flow of dusty fluid over an indined
Sakiadis B.C.[18] in 1961.Then many researchers extended . . . .

. stretching sheet with non uniform heat source/sink .B.G.
the above study with the effect of Heat Transfer .Tsou et.al Gireesh etal [3] also studied the mixed convective flow a
[20] studied the effect of Heat Transfer and experimentally dusty fluid over a stretching sheet in presence of thermal
confirmed the numerical result of Sakiadis . Grubka et.al[9] radiation, space dependent heat source/sink.
investigated the temperature field in the flow over a
stretching surface when subject to uniform heat flux In this paper the study of effect of different flow
.Sharidan[19] presented similarity solutions for unsteady parameters on unsteady boundary layer and heat transfer
boundary layer flow and heat Transfer due to stretching of a dusty fluid over a stretching sheet have investigated.
sheet .A numerical solution for laminar thermal boundary The problem of two phase suspension flow is solved in the
over a flat plate with convective surface boundary
condition was analyzed by Aziz[1].Chen [6] investigated
mixed convection of a power law fluid past a stretching
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frame work of a model of a two-way coupling model or a
two-fluid approach.

Here, the particles will be allowed to diffuse through the
carrier fluid i.e. the random motion of the particles shall be
taken into account because of the small size of the particles.
This can be done by applying the kinetic theory of gases
and hence the motion of the particles across the streamline
due to the concentration and pressure diffusion. We have
considered the terms related to the heat added to the
system to slip-energy flux in the energy equation of particle
phase. The momentum equation for particulate phase in
normal direction, heat due to conduction and viscous
dissipation in the energy equation of the particle phase
have been considered for better understanding of the
boundary layer characteristics. The effects of volume
fraction on skin friction, heat transfer and other boundary
layer characteristics also have been studied.The governing
equation are reduced into system of ODEs and solved by
Shooting Techinique using Runge-Kutta Method with help
of FORTRAN-77.

2.Mathematical Formulation and Solution: Consider an
unsteady two dimensional laminar boundary layer flow
of an incompressible viscous dusty fluid over a vertical
stretching sheet .The flow is generated by the action of two
equal and opposite forces along the x-axis and y-axis being
normal to the flow . The sheet being stretched with the
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velocity Uw(x) along the x-axis, keeping the origin fixed in
the fluid of ambient temperatureT... Both the fluid and the
dust particle clouds are suppose to be static at the
beginning. The dust particles are assumed to be spherical in
shape and uniform in size and number density of the dust
particle is taken as a constant throughout the flow.

The governing equations of unsteady two dimensional
boundary layer incompressible flows of dusty fluids are

given by
‘"’“f+ 2 Fu) += =G (w) + H(w) = S(upu, T, (21)
‘"’“v+— Flup) += G(u,,)+H(u,,) S,(upu, T,T,)  (22)
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With boundary conditions

cx
u="U,(x) =—1 ——

&p,=wp,u=0u,=0,v, >vas y—- 2.3
p P P y

,2w=0aty=0

Where w is the density ratio in the main stream.

Similarly consider the non —dimensional temperature
boundary conditions as follows to solve T and T,

T=T,=T.+T,— aty=0
T Tw T e 0v(l—at)za y=
T-T.,,T,»T.asy— (2.4)

For most of the gases 1, = 77 ,

Cs U . c 2
ky=kShs jf S22
Cp U Cp 3Py

Introducing the following non dimensional variables in
equation (2.1) to (2.2)

cx

u= 2= fm), \

_ cX F _ ’ cv G
up_l_at (77)' Up = 1—at (77)'

c 1—at p
p=t? p_ e=C g= 2
k T, v Ds
a cv c?x
A= Ee=on B = s (2:5)
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The equations (2.1) and (2.2) become
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3. Solution Method:

Here in this problem the value of
f'(0),F(0),6(0),H(0),6'(0),6,(0) are not known but
f(o2) = 0,F(=) = 0,G(==) = —f (=), H(=) = w,0(=) = 0,

0, () = 0 are given. We use Shooting method to determine
the value of f'(0),F(0),6(0),H(0),6'(0),6,(0) .We have
supplied f'(0) =x, and f'(0) =x; . The improved value
of f'(0) =, is determined by utilizing linear interpolation
formula. Then the value of f'(c,,) is determined by using
Runge-Kutta method. If f'(,,) is equal tof (e up to a
certain decimal accuracy, then «, i.e f'(0) is determined,
otherwise the above procedure is repeated with o=
&, and o;=x, until a correct «, is obtained. The same
procedure described above is adopted to determine the
correct values of F(0),G(0),H(0),8'(0),8,(0).

The solution of the present problem is obtained by
numerical computation after finding the infinite value for n.
It has been observed from the numerical result that the
approximation to 6'(0) and f (0)are improved by
increasing the infinite value of m which is finally
determined as n =10.0 with a step length of 0.125 beginning
from 1 = 0.Depends upon initial guess and number of steps
N. FORTRAN-77 is used to find the solutions of problem.
The value of f(0) and 8 (0) are obtained from numerical
computation which is given in table — 1 for different
parameters used.
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4. Graphical Representations:
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TABLE-1 showing initial values of wall velocity gradient—f"(0) and temperature gradient —6'(0)

B A | P, | E | ¢ | G | —f(0) | —u,(0) | —v,(0) | H() -6'(0) 6,(0)
0.01 023 | 0.71 | 0.00 | 0.00 | 0.00 | 1.079240 | - - - 1.220351 | -

0.01 | 0.2 0.71 | 1.0 | 0.01 | 0.01 | 1.06509 0.15587 0.72391 0.112037 | 0.95172 0.003173

2.0 1.06393 0.155736 | 0.72406 0.112413 | 0.70118 0.003446

3.0 1.06372 0.155619 | 0.72486 0.112461 | 0.4491 0.003473

0.5 1.06407 0.156012 | 0.72386 0.111769 | 0.79292 0.003491

0.01 | 0.2 0.71 | 1.0 |0.01 | 0.01 | 1.06509 0.15587 0.72391 0.112037 | 0.95172 0.003173

1.0 1.06514 0.155842 | 0.7247 0.112191 | 1.13594 0.002766

0.01 | 0.2 0.71 | 1.0 |0.01 | 0.01 | 1.06509 0.15587 0.72391 0.112037 | 0.95172 0.003173

0.02 1.06527 0.155453 | 0.7239 0.112042 | 0.95163 0.003226

0.03 1.06537 0.155383 | 0.72389 0.111939 | 0.95112 0.004812

0.01 | 0.2 0.71 | 1.0 |0.01 | 0.01 | 1.06509 0.15587 0.72391 0.112037 | 0.95172 0.003173

0.02 | 1.05962 0.156025 | 0.72396 0.112218 | 0.9553 0.003233

0.03 | 1.05457 0.156055 | 0.72397 0.112297 | 0.95821 0.003237

0.01 | 0.2 0.71 | 1.0 |0.01 | 0.01 | 1.06509 0.15587 0.72391 0.112037 | 0.95172 0.003173

0.25 1.08135 0.147478 | 0.66141 0.104831 | 0.9796 0.005799

0.3 1.09809 0.141571 | 0.60725 0.09112 1.00448 0.007985

0.01 | 0.2 0.71 | 1.0 |0.01 | 0.01 | 1.06509 0.15587 0.72391 0.112037 | 0.95172 0.003173

0.02 1.06585 0.158395 | 0.72132 0.110086 | 0.95137 0.004742

0.03 1.06593 0.161402 | 0.71951 0.110064 | 0.95124 0.007533

5. Result and Discussion:

The set of non linear ODEs (2.6) to (2.11) with boundary
condition (2.12) were solved using well known Runge-
Kutta forth order algorithm with a systematic guessing of
f'(0) and 6'(0) by the shooting technique until the
boundary condition at infinity are satisfied.The step size
0.125 is used while obtaining the numerical solution
accuracy up to the sixth decimal place i.e.1x 107, which is
very sufficient for convergence. In this method we choose
suitable finite values of 7 — e which depends on the
values of parameter used. The computations were done by
the computer language FORTRAN-77.The shear stress(
Skin friction coefficient)which is proportional to f"(0) and
rate of heat transfer(Nusselt number) which is proportional
to 6'(0) are tabulated in Table-1 for different values of
parameter used .It is observed from the table that shear
stress and rate of heat transfer decreases on the increase of
Ec, whereas it is increasing for increasing values of Pr.The
Nusselt number decreases on the increasing of unsteady
parameter ‘A’.The velocity profiles and temperature
profiles also demonstrated graphically.

Fig-1 demonstrates the effect of f which infers that
increasing of (3 increases the particle phase velocity.Fig-2
shows that velocity profile of particle phase is decreasing
on the increase of unsteady parameter A.

Fig-3 witnesses that increasing values of Ec, the
temperature of fluid phase increases which shows effect on
the boundary layer growth.
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Fig-4 depicts the effect of Pr on temperature profile of fluid
phase. From the figure we observe that, when Pr increase
the temperature of fluid phase decreases which states that
the viscous boundary layer thickness increases and thermal
boundary layer thickness decreases.

Fig-5 explains that the temperature of fluid phase decreases
with increasing unsteady parameter ‘A’

Fig-6 illustrates the effect of Ec on temperature profile of
particle phase. It is evident that the increasing of Ec
increases the temperature.

Fig-7 explains the effect of Pr on particle phase
temperature, when Pr is increasing there is increasing of the
temperature of particle phase.

Fig-8 depicts the effect of Gr on particle phase temperature
profile which indicates that the increasing of Gr has
significant effect on particle phase temperature, enhancing
Gr, increases the temperature of particle phase.

Fig-9 shows the effect of ¢ on temperature of particle phase.
It is evident that increasing in volume fraction increases the
temperature of particle phase which means thermal
boundary layer thickness increases.

Fig-10 illustrates the increasing {3, increases the temperature
of dust phase.

Fig-11 describes that the temperature profile of particle
phase increases on the increase of unsteady parameter A.6.
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6. Conclusions:

The

significant findings of the present study of the

unsteady flow of a viscous, incompressible dusty fluid are
presented below:

1.

ii.

ii.

iv.

vi.

Vii.

viii.

Increasing value of Ec is enhancing the temperature
of both fluid phase as well as particle phase which
indicates that the heat energy is generated in fluid
due to frictional heating.

The thermal boundary layer thickness of fluid phase
decreases on the increase of Pr. But the temperature
of particle phase increases on increasing Pr. The
temperature decreases at a faster rate for higher
values of Pr which implies the rate of cooling is faster
in case of higher prandtl number.

The momentum boundary layer thickness decreases
and thermal boundary layer thickness increases on
the effect of Gr. If Gr =0 the present study will
represent the horizontal stretching sheet.

Increasing [ increases the velocity and temperature
profiles of particle phase.

The increasing value of ¢ increases the temperature
profile of particle phase.

The velocity of particle phase decreases on the
increase of unsteady parameter A.

The temperature of fluid phase decreases and
temperature particle phase increases on the increase
of unsteady parameter A.

We have investigated the problem using the values
v=1200.0, Fr=10.0, €=3.0.

X,y cartesian coordinate
»,Vp  velocity component of the particle along x-
axis and y-axis
Greek Symbol
) volume fraction
§ fluid — particle interaction parameter
B volumetric coefficient of thermal expansion
p

density of the fluid
Py density of the particle phase
Ps material density

n similarity variable
0 fluid phase temperature
0

P dust phase temperature
U dynamic viscosity of fluid
v kinematic viscosity of fluid
14 ratio of specific heat
T relaxation time of particle phase

Tr thermal relaxation time i.e. the time required by
the dust particle to adjust its temperature
relative to the fluid.

Tp velocity relaxation time i.e. the time required by
the dust particle to adjust its velocity relative to
the fluid.

€ diffusion parameter
© density ratio
Subscripts
w condition at the wall

condition at infinity

Nomenclature:
Symbol Meaning
E. eckert number
E froud number
G, grashof number
B prandtl number
To temperature at large distance from the wall.
T, wall temperature
T, temperature of particle phase.
Uy(x)  stretching sheet velocity
Cp specific heat of fluid
Cs specific heat of particles
ks thermal conductivity of particle
A unsteady parameter
g acceleration due to gravity
c stretching rate
k thermal conductivity of fluid
1 characterstic length
T temperature of fluid phase
wv velocity component of fluid along x-axis and

y-axis
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