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A new class of Graceful Tree

Afsana Ahmed Munia, Jannatul Maowa, Sheikh Tania, Dr. M. Kaykobad
Abstract— A tree is graceful if it has a graceful labeling. A graceful labeling of a tree T with m edges is a function f:
V(TM)- {0,........ ,m} such that distinct vertices receive distinct numbers and {|f(u)-f(v)|: uve E(T)} ={1,........ ,m}.The
problem of whether or not all trees are graceful is still open. Many classes of trees have already been proved graceful
such as paths, caterpillars, symmetrical trees, spider trees, lobster trees, star trees, firecrackers, banana trees etc.
Trees of diameter at most five and trees with up to 35 vertices have been shown to be also graceful. In this paper we
prove that trees consists of several stars all connected to a single star is graceful.
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1 INTRODUCTION

Let, G be a graph with m number of edges and n
number of vertices. If its n vertices can be distinctly
labeled using integers 0, 1,., m so that the
difference between any two distinct vertices are
also all distinct , then the labeling is termed
graceful and the graph is said to be a gracefully
labeled graph.

A tree T with n vertices has n-1 edges. If a labeling
on vertices, in which every number from 0 to n-1
appears once and only once, can induce a labeling
on edges where every number from 1 to n-1
appears once and only once, this labeling on
vertices is called a graceful labeling. If a tree has at
least one graceful labeling, it is called a graceful
tree.

Gracefully labeled graphs are finding applications
in coding theory, x-ray crystallography, radar,
astronomy, circuit design, communication network
addressing and database management [1].

There is a well known conjecture that says
“every tree is graceful”. Many classes of trees have
been shown to be graceful [2]. However, it has not
yet been possible to prove the conjecture for all
trees. A lot of work has been done by many
researchers toward proving this conjecture. So far
some special classes of trees have been shown to be
graceful. For example paths, caterpillars,
symmetrical trees, spider trees, lobster trees, star
trees, firecrackers, banana trees etc. Trees of
diameter at most five and trees with up to 35
vertices have also been shown graceful. In this
paper we have proved a new general class of
gracefully labeled tree.

2 PRELIMINARIES

In this section we define and discuss classes of
trees that have been proved graceful.

2.1 Star Trees™ :

In graph theory, a tree with one internal node
and k leaves is said to be a star S1,k that happen to
be a complete bipartite graph K1,k.

Theorem 1. All Star trees are graceful.
Fig. 1. Star tree (Sg)
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Fig. 2. Spider Tree

Q/

Fig. 3. Firecracker tree

2.2 Spider Trees &

A spider tree is a tree with at most one vertex
of degree greater than 2. If such a vertex exists, it is
called the branch point of the tree. A leg of a spider
tree is any one of the paths from the branch points
to a leaf of the tree.[Fig 2.]

Theorem 2. All Spider trees are gracefull.
2.3 Firecrackers™ :

An (n, k) -firecracker is a graph obtained by the
concatenation of n, k-stars by linking one leaf from
each. [Fig 3.]

Theorem 3. All firecrackers are graceful.
2.4 Banana Trees!:

A banana tree consists of a vertex v joined to
one leaf of any number of stars. Ann, k banana
tree, as defined by Chen et al. (1997), is a graph
obtained by connecting one leaf of each of
n copies of an K- star graphwith a single root
vertex that is distinct from all the stars. [Fig 4.]

Theorem 4. All banana trees are graceful.

Fig. 4. Banana tree

2.5 Lobstar tree™ :

Lobstar are defined as trees that result in
caterpillar when all pendant vertices are deleted.
[Fig 5.] Wang, working with Jin ,Lu, Zhang ,[6]
showed gracefulness of a class of Lobsters tree.

Theorem 5. All lobstar trees are graceful.
2.6 Symmetrical tree!:

A rooted tree in which every level contains
vertices of the same degree is called symmetrical

trees. The following tree is a gracefully labeled
symmetrical tree on 15 vertices. [Fig 6.]

Theorem 6. All symmetrical trees are graceful.

1
AN N T AN Nl AN

Fig. 5 Lobstar Tree

Fig. 6. Symmetric Tree

2.7 Caterpillar treet¥ :

A caterpillar is a tree such that if all leaves are
removed, the remaining graph is a path. This path
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can be termed as backbone of the caterpillar.Rosa
proved in his paper [7] that all caterpillars are
graceful. In the following we show a caterpillar
and its graceful labeling. [Fig 7.]

Theorem 7. All Caterpillars are graceful.

2.8 Super Caterpillar tree™:

Let TO be any arbitrary caterpillar and Ti, i =1,
... k be caterpillars with ITil = m number of
vertices and sum total of vertices is the same in
odd levels of all pairs T2i+1 and T2i+2. In case k
being an odd number, one caterpillar will be
without a pair. Let one end of each backbone be
joined to the vertex v by an edge. Then the
resulting tree is called a super-caterpillar. [Fig 8.]

Theorem 8. All Super Caterpillars are graceful.

Fig. 7. Caterpillar tree

Fig. 8. Super caterpillar tree[1]

3 OUR RESULTS

Superstar tree is a tree that consists of several stars
all connected to a single star is graceful. [Fig 9.]

Theorem 9. All Superstar trees are graceful.

Let Si, i=0,....k be a set of k+1 stars with stars
Si=0,1,..., k-1 connected to Sk. Let total number of
vertices of all the stars be n+1. If there are at least i
stars of size at least k-i then T=UX_((Si) is graceful.

Proof . Let Si” for i=0 to k-1 be a star of at least k-i
vertices. Let Ni be the number of leaves of all stars
with index <i. Label centre of star Si' by i. Start
labeling leaves of Si' by n-Ni downward in such a
way that leaf connected to the star S« will have a
label equal to k- i+ n-Ni.By doing so edges will be
labeled by consecutive labels up to k + n-Ni.So all
labels must be generated if we follow this process.

Fig. 9. Superstar tree

3.2 Algorithm

1. LetS: i=0,1,...,k be a set of k+1 stars with stars
S;i=0,1,...,k-1 connected to S«

2. Let Ni be the number of leaves of all stars with
index <i and total number of vertices of all the
stars be n+1.

3. Let total number of star Si of the superstar tree
isk.

4. Assign k to the root of the central star Sk.

i=0

6. While(i<k)

a. if size of leaf star Si at least k-i then

i
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i. Assigni to the root of leaf
star Si.

ii. startlabeling Si by n-Ni
downward in such a way that
leaf connected to the star Sk
will have a label equal to k-
i+n-Ni.

ii. i+
b. endif
7. end while

Fig. 10. lllustration of Superstar tree according to the
algorithm

4 Conclusion

We have proved a general class of tree that
consists of several stars all connected to a single
star is graceful. In addition to caterpillar our class
of tree maintains a property that every vertex has
label greater than the labels of all adjacent vertices
or vice-versa.
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